Exercises from
Principles of Mathematical Analysis
by Walter Rudin

Exercise 1.1a If r is rational (r # 0) and z is irrational, prove that r + x is
irrational.

Proof. If r and r + x were both rational, then x = r + x — r would also be
rational. 0

Exercise 1.1b If r is rational (r # 0) and « is irrational, prove that rz is
irrational.

Proof. 1f rx were rational, then z = =* would also be rational. O

Exercise 1.2 Prove that there is no rational number whose square is 12.

Proof. Suppose m? = 12n?, where m and n have no common factor. It follows
that m must be even, and therefore n must be odd. Let m = 2r. Then we have
r? = 3n2, so that r is also odd. Let r =25+ 1 and n = 2t + 1. Then

45> +4s+1=3 (4° + 4t +1) = 126> + 12t + 3,

so that
4(s*+s—3t2—3t) =2.

But this is absurd, since 2 cannot be a multiple of 4 . O
Exercise 1.4 Let F be a nonempty subset of an ordered set; suppose « is a

lower bound of E and 3 is an upper bound of E. Prove that o < 3.

Proof. Since E is nonempty, there exists x € E. Then by definition of lower and
upper bounds we have o < x < 3, and hence by property i in the definition of
an ordering, we have a < § unless a = x = . O



Exercise 1.5 Let A be a nonempty set of real numbers which is bounded
below. Let —A be the set of all numbers —z, where x € A. Prove that inf A =
—sup(—A4).

Proof. We need to prove that —sup(—A) is the greatest lower bound of A. For
brevity, let &« = —sup(—A). We need to show that o < z for all x € A and
a > fif B is any lower bound of A.

Suppose © € A. Then, —z € —A, and, hence —z < sup(—A). It follows that
x > —sup(—A), i.e., « < z. Thus « is a lower bound of A.

Now let 8 be any lower bound of A. This means 5 < x for all z in A.
Hence —x < —pf for all z € A, which says y < —f for all y € —A. This means
—p( is an upper bound of —A. Hence —f > sup(—A) by definition of sup, i.e.,
B < —sup(—A4), and so —sup(—A) is the greatest lower bound of A. O

Exercise 1.8 Prove that no order can be defined in the complex field that
turns it into an ordered field.

Proof. By Part (a) of Proposition 1.18, either ¢ or —¢ must be positive. Hence
—1 = 4% = (—i)? must be positive. But then 1 = (—1)2, must also be positive,
and this contradicts Part (a) of Proposition 1.18, since 1 and —1 cannot both
be positive. O

Exercise 1.11a If z is a complex number, prove that there exists an r > 0
and a complex number w with |w| = 1 such that z = rw.

Proof. Tf z =0, we take r = 0,w = 1. (In this case w is not unique.) Otherwise
we take r = |z| and w = z/|z|, and these choices are unique, since if z = rw, we
must have r = r|w| = |rw| = |z, z/r O

Exercise 1.12 1If zy,...,z, are complex, prove that |z1 + 22 + ... + z,] <
21| + [22] + -+ + [2n].
Proof. We can apply the case n = 2 and induction on n to get

|1tz 4zl =21+ 22+ + 2n1) + 20
<l +ze 4+ 2po1] + |20
< el + 22l 4o + |zn—1] + [2n]

Exercise 1.13 If z,y are complex, prove that ||| — |y|| < |z —y|.
Proof. Since x = x — y + y, the triangle inequality gives
x| <& —yl+ [yl

so that |z| — |y| < |z — y|. Similarly |y| — |z| < |z — y|. Since |z| — |y| is a real
number we have either x| — |y|| = |z| — |y| or x| — |yl = |yl = |z]. In
either case, we have shown that ——=x| — |y|| < |z — y|. O




Exercise 1.14 If z is a complex number such that |z| = 1, that is, such that
2z =1, compute |1+ 2|2 + |1 — z|2.

Proof. 1+ 2> = 1+2)(1+2) =1+2zZ+2z+22Z =2+ 2+ z Similarly
N—2?=01-2)(1-2)=1—2—2+22=2—2— 2. Hence

1422+ 1—2)2=4.
\

O

Exercise 1.16a Suppose k > 3,2,y € R¥, |z —y| =d > 0, and » > 0. Prove
that if 2r > d, there are infinitely many » € R¥ such that |z — x| = [z —y| = r.

Proof. (a) Let w be any vector satisfying the following two equations:

From linear algebra it is known that all but one of the components of a solution
w of the first equation can be arbitrary. The remaining component is then
uniquely determined. Also, if w is any non-zero solution of the first equation,
there is a unique positive number ¢ such that ¢ w satisfies both equations. (For
example, if x1 # y1, the first equation is satisfied whenever

; _ 2 (x2—yo) otz (T — Yk)
1= )
y1— o

If (21, 22,...,2;) satisfies this equation, so does (tz1,tza,...,tz;) for any real
number ¢.) Since at least two of these components can vary independently, we
can find a solution with these components having any prescribed ratio. This
ratio does not change when we multiply by the positive number ¢ to obtain
a solution of both equations. Since there are infinitely many ratios, there are
infinitely many distinct solutions. For each such solution w the vector z =
%X + %y + w is a solution of the required equation. For

2
z —x|* = ‘y Xer’
2
= }’T +2w-Ty+|w|2
d? d?
=10 2_ 2
1 +0+r 1
= ’f‘2
and a similar relation holds for |z — y|?. O



Exercise 1.17 Prove that |x +y|> + [x — y|? = 2|x|? + 2]y|? if x € RF and
y € RF.

Proof. The proof is a routine computation, using the relation
ety =(z+y) - (wy) =z £22 -y + |y

If x and y are the sides of a parallelogram, then x +y and x — y are its diago-
nals. Hence this result says that the sum of the squares on the diagonals of a
parallelogram equals the sum of the squares on the sides. O

Exercise 1.18a If £k > 2 and x € RF, prove that there exists y € R* such
that y #0 but x-y =0

Proof. If x has any components equal to 0 , then y can be taken to have the
corresponding components equal to 1 and all others equal to 0 . If all the

components of x are nonzero, y can be taken as (—x3,21,0,...,0). This is, of
course, not true when k = 1, since the product of two nonzero real numbers is
nonzero. O

Exercise 1.18b If k = 1 and x € R*, prove that there does not exist y € R*
such that y 20 but x-y =0

Proof. Not true when k = 1, since the product of two nonzero real numbers is
NOnzero. O

Exercise 1.19 Suppose a,b € R*. Find ¢ € R¥ and r > 0 such that |z —a| =
2|z — b| if and only if |x — ¢| = r. Prove that 3¢ = 4b — a and 3r = 2|b — al.

Proof. Since the solution is given to us, all we have to do is verify it, i.e., we
need to show that the equation

|x —a|] = 2|x — b|
is equivalent to |x — c¢| = r, which says

4 1 2

If we square both sides of both equations, we an equivalent pair of equations,
the first of which reduces to

3|x|2 +2a-x—8b-x— |a\2 —|—4|b|2 =0,

and the second of which reduces to this equation divided by 3 . Hence these
equations are indeed equivalent. O



Exercise 2.19a If A and B are disjoint closed sets in some metric space X,
prove that they are separated.

Proof. We are given that AN B = @. Since A and B are closed, this means
AN B =@ = An B, which says that A and B are separated. O

Exercise 2.24 Let X be a metric space in which every infinite subset has a
limit point. Prove that X is separable.

Proof. We observe that if the process of constructing x; did not terminate, the
result would be an infinite set of points z;,j =1,2,..., such that d (z;,2;) > ¢
for i # j. It would then follow that for any x € X, the open ball B 3 (z) contains
at most one point of the infinite set, hence that no point could be a limit point
of this set, contrary to hypothesis. Hence X is totally bounded, i.e., for each
0 > 0 there is a finite set 1, ..., zyssuch that X = U;v/i Bs (z5)

Let z,,,...,z,nN, be such that X = Ujv/ﬁ Bi (zyn;),n =1,2,... We claim
that {x; : 1 <j < N,;n=1,2,...} is a countable dense subset of X. Indeed
25 if v € X and § > 0, then « € B1 (z,;) for some z,; for some n > %, and

hence d (z,x,;) < §. By definition, this means that {,;} is dense in X. O

Exercise 2.25 Prove that every compact metric space K has a countable
base.

Proof. K can be covered by a finite union of neighborhoods of radius 1/n, and
this shows that this implies that K is separable.

It is not entirely obvious that a metric space with a countable base is sep-
arable. To prove this, let {V,,} ~, be a countable base, and let z,, € V,,. The
points V,, must be dense in X. For if G is any non-empty open set, then G
contains V,, for some n, and hence z,, € G. (Thus for a metric space, having a
countable base and being separable are equivalent.) O

Exercise 2.27a Suppose E C R is uncountable, and let P be the set of
condensation points of E. Prove that P is perfect.

Proof. We see that EN W is at most countable, being a countable union of at-
most-countable sets. It remains to show that P = W€, and that P is perfect. [

Exercise 2.27b Suppose E C RF is uncountable, and let P be the set of
condensation points of E. Prove that at most countably many points of E are
not in P.

Proof. If x € W€, and O is any neighborhood of z, then « € V,, C O for some
n. Since z ¢ W,V,, N E is uncountable. Hence O contains uncountably many
points of E, and so z is a condensation point of E. Thus = € P, i.e., W°¢ C P.
Conversely if z € W, then x € V,, for some V,, such that V,, N E is countable.
Hence z has a neighborhood (any neighborhood contained in V,, ) containing at



most a countable set of points of F, and so « ¢ P, i.e., W C P°. Hence P = W°.
Tt is clear that P is closed (since its complement W is open), so that we need
only show that P C P’. Hence suppose z € P, and O is any neighborhood of
x. (By definition of P this means O N E is uncountable.) We need to show
that there is a point y € PN (O\{z}). If this is not the case, i.e., if every point
y in O\{z} is in P°, then for each such point y there is a set V,, containing y
such that V,, N E is at most countable. That would mean that y € W, i.e., that
O\{z} is contained in W. It would follow that O N E C {z} U (W N E), and
so O N E contains at most a countable set of points, contrary to the hypothesis
that © € P. Hence O contains a point of P different from x, and so P C P’.
Thus P is perfect. O

Exercise 2.28 Prove that every closed set in a separable metric space is the
union of a (possibly empty) perfect set and a set which is at most countable.

Proof. If E is closed, it contains all its limit points, and hence certainly all its
condensation points. Thus E = P U (E\P), where P is perfect (the set of all
condensation points of E ), and E\P is at most countable.

Since a perfect set in a separable metric space has the same cardinality as the
real numbers, the set P must be empty if F is countable. The at-mostcountable
set F\ P cannot be perfect, hence must have isolated points if it is nonempty. O

Exercise 2.29 Prove that every open set in R is the union of an at most
countable collection of disjoint segments.

Proof. Let O be open. For each pair of points z € O,y € O, we define an
equivalence relation x ~ y by saying x ~ y if and only if [min(z, y), max(z,y)] C
0 . This is an equivalence relation, since  ~ z([z,z] C O if z € O); if z ~ g,
then y ~ z (since min(z,y) = min(y,z) and max(z,y) = max(y,z)); and if
x ~yand y ~ z, then  ~ z([min(z, z), max(z, )] C [min(z, y), max(x, y)]U

[min(y, z), max(y, z)] C O). In fact it is easy to prove that
min(z, z) > min(min(z, y), min(y, 2))

and
max(x, z) < max(max(z,y), max(y, z))

It follows that O can be written as a disjoint union of pairwise disjoint equiva-
lence classes. We claim that each equivalence class is an open interval.

To show this, for each € O; let A = {z:[z,2] CO} and B={z: [z, 2] C
O}, and let a = inf A, b = sup B. We claim that (a,b) C O. Indeed if a < z < b,
there exists ¢ € A with ¢ < z and d € B with d > z. Then z € [¢,z]U[x,d] C O.
We now claim that (a,b) is the equivalence class containing x. It is clear that
each element of (a, b) is equivalent to x by the way in which a and b were chosen.
We need to show that if z ¢ (a,b), then z is not equivalent to x. Suppose that
z < a. If z were equivalent to x, then [z, x] would be contained in O, and so



we would have z € A. Hence a would not be a lower bound for A. Similarly if
z > b and z ~ x, then b could not be an upper bound for B.

We have now established that O is a union of pairwise disjoint open intervals.
Such a union must be at most countable, since each open interval contains a
rational number not in any other interval. O

Exercise 3.1a Prove that convergence of {s,} implies convergence of {|s,|}.

Proof. Let € > 0. Since the sequence {s,} is a Cauchy sequence, there exists N
such that [s,, — s,| < € for all m > N and n > N. We then have |[s;,]| — |sn|] <
[$m — $n| < € for all m > N and n > N. Hence the sequence {|s,|} is also a
Cauchy sequence, and therefore must converge. O

Exercise 3.2a Prove that lim,, oo V2 +n—n=1/2.
Proof. Multiplying and dividing by vn? + n + n yields

vni+n—n=

n 1
ViZtn+n 1_‘_%_’_1.

It follows that the limit is % O

Exercise 3.3 If s5; = v/2, and 5,41 = \/2+ /5, (n = 1,2,3,...), prove

that {s,} converges, and that s, < 2 forn =1,2,3,....

Proof. Since v/2 < 2, it is manifest that if s, < 2, then Snt1 < V242 = 2.
Hence it follows by induction that v/2 < s, < 2 for all n. In view of this fact,it
also follows that (s, —2) (s, +1) < 0 for all n > 1, ie., s, > 82 —2 = 5,_1.
Hence the sequence is an increasing sequence that is bounded above (by 2 ) and

so converges. Since the limit s satisfies s> — s — 2 = 0, it follows that the limit
is 2. O

Exercise 3.5 For any two real sequences {a,} , {by }, prove that limsup,,_, . (an + b,) <
lim sup,,_, . an+limsup,, . by, provided the sum on the right is not of the form
00 — 0.

Proof. Since the case when limsup,,_,,, a, = 400 and limsup,, ., b, = —00
has been excluded from consideration, we note that the inequality is obvious if
lim sup,,_, ., a, = +00. Hence we shall assume that {a,} is bounded above.

Let {ny} be a subsequence of the positive integers such that limy_, oo (an, +
by, ) = limsup,,_, ., (an + by). Then choose a subsequence of the positive inte-
gers {k;,} such that

lim ap, = limsupay,,.
m—00 k—o0



The subsequence an, =+ by, —still converges to the same limit as ay, + bn,,
i.e., to limsup,,_, (an, +0b,). Hence, since a,, is bounded above (so that
limsupy_, o, @n, is finite), it follows that b,, —converges to the difference

A Do, =l (@, b, ) =l o,
Thus we have proved that there exist subsequences {ankm} and {bnkm} which
converge to limits a and b respectively such that a + b = limsup,,_, (a, + b}).
Since a is the limit of a subsequence of {a,} and b is the limit of a subsequence
of {b,}, it follows that a < limsup,,_, ., a, and b < limsup,,_, ., by, from which
the desired inequality follows. O

Exercise 3.6a Prove that lim,,_, o ZKn a; = 00, where a; =i+ 1— NG

Proof. (a) Multiplying and dividing a,, by v/n+1 + y/n, we find that a, =

m’ which is larger than \/iﬁ The series Y a, therefore diverges by

comparison with the p series (p = %) O

Exercise 3.7 Prove that the convergence of Ya, implies the convergence of
S Yo if g, > 0.

Proof. Since (./an — %)2 > 0, it follows that

Van 1 1
vin < <ai+).

n 2 n?

Now a2 converges by comparison with Xa, (since Xa, converges, we have
a, < 1 for large n, and hence a? < an). Since E% also converges (p series,

p=2), it follows that E@ converges. O

Exercise 3.8 If Xa,, converges, and if {b,} is monotonic and bounded, prove
that Ya,b, converges.

Proof. We shall show that the partial sums of this series form a Cauchy sequence,
i.e., given € > 0 there exists IV such that |ZZ:m+1 arby| (e if n) m > N. To do
this, let S, = > 1 _; ax (So = 0), so that aj, = Sk — Sk_1 for k =1,2,... Let M
be an uppper bound for both |b,| and |S,|, and let S = > a,, and b = limb,,.
Choose N so large that the following three inequalities hold for all m > N and
n>N:

e g g
|bpSy — 0S| < 3’ [b S — bS] < 3 [bm — bp| < EYYR

Then if n > m > N, we have, from the formula for summation by parts,

n n—1
D anby =bnSn — bmSm + Y (br — brr1) S
k=m+1 k=m



Our assumptions yield immediately that [b,S, — by, Sim| < 2, and

n—1

<M Z bk — bry1] -

k=m

be — brg1) Sk

k=m

Since the sequence {b,} is monotonic, we have

n—1 n—1
€
Z |bx — bry1| = (b — brs1)| = |bm — bn| < ER
k=m k=m
from which the desired inequality follows. 0

Exercise 3.13 Prove that the Cauchy product of two absolutely convergent
series converges absolutely.

Proof. Since both the hypothesis and conclusion refer to absolute convergence,

we may assume both series consist of nonnegative terms. We let S,, = ZZ:O an, Ty =
Sheobn, and U, = > 1, Zf:o arbi_;. We need to show that U, remains
bounded, given that S, and T, are bounded. To do this we make the conven-
tion that a_; = T_1 = 0, in order to save ourselves from having to separate off
the first and last terms when we sum by parts. We then have
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Thus U, is bounded, and hence approaches a finite limit.



Exercise 3.20 Suppose {p,} is a Cauchy sequence in a metric space X, and
some sequence {p,;} converges to a point p € X. Prove that the full sequence
{pn} converges to p.

Proof. Let ¢ > 0. Choose N; so large that d(pm,pn) < § if m > N; and
n > N;. Then choose N > Nj so large that d (pn,,p) < § if K > N. Then if
n > N, we have

d(pnvp) S d(pTL?pTLN+1) +d(p7’bN+17p) < £

For the first term on the right is less than § since n > Ny and ny11 > N +1 >

Ni. The second term is less than § by the choice of N. O

Exercise 3.21 If {E,} is a sequence of closed nonempty and bounded sets in
a complete metric space X, if E,, D Ep41, and if lim,_,,, diam E,, = 0, then
N;° E, consists of exactly one point.

Proof. Choose z, € E,. (We use the axiom of choice here.) The sequence
{z,} is a Cauchy sequence, since the diameter of E,, tends to zero as n tends
to infinity and FE,, contains E, ;1. Since the metric space X is complete, the
sequence x,, converges to a point x, which must belong to F,, for all n, since E,
is closed and contains x,, for all m > n. There cannot be a second point y in
all of the E,, since for any point y # z the diameter of FE,, is less thand(z,y)
for large n. O

Exercise 3.22 Suppose X is a nonempty complete metric space, and {G,, } is
a sequence of dense open sets of X. Prove Baire’s theorem, namely, that ﬂ(fo G,
is not empty.

Proof. Let F,, be the complement of G,,, so that F,, is closed and contains no
open sets. We shall prove that any nonempty open set U contains a point not
in any F,,, hence in all G,,. To this end, we note that U is not contained in F7,
so that there is a point z; € U\F;. Since U\Fj is open, there exists r1 > 0
such that Bj, defined as the open ball of radius r; about x;, is contained in
U\Fy. Let E; be the open ball of radius % about 1, so that the closure of E;
is contained in B;. Now F5 does not contain F7, and so we can find a point
x9 € E1\Fy. Since F1\F; is an open set, there exists a positive number 7o such
that Bs, the open ball of radius Rs about xs, is contained in E7\Fs, which in
turn is contained in U\ (F1 U F). We let Fy be the open ball of radius % about
T2, so that Fs C Bs. Proceeding in this way, we construct a sequence of open
balls E;, such that E; 2 Ej+1, and the diameter of E; tends to zero. By the
previous exercise, there is a point x belonging to all the sets Ej, hence to all
the sets U\ (Fy U F U ---U F,,). Thus the point = belongs to U N (N{°G,,). O

10



Exercise 4.1a Suppose f is a real function defined on R which satisfies
limp_0 f(x 4+ h) — f(z — h) = 0 for every x € R. Show that f does not need to
be continuous.

Proof.
(@) 1 if z is an integer
xTr) =
0 if x is not an integer.

(If x is an integer, then f(x + h) — f(x — h) = 0 for all h; while if x is not an
integer, f(z + h) — f(x — h) =0 for |h| < min(z — [z],1 + [z] — z). O

Exercise 4.2a If f is a continuous mapping of a metric space X into a metric
space Y, prove that f(E) C f(E) for every set E C X. (E denotes the closure
of E).

Proof. Let * € E. We need to show that f(z) € f(E). To this end, let O
be any neighborhood of f(x). Since f is continuous, f~'(O) contains (is) a
neighborhood of x. Since # € E, there is a point u of E in f~1(0). Hence

JJ:((};)) € ON f(E). Since O was any neighborhood of f(z), it follows that f(x) €

f(E) O

Exercise 4.3 Let f be a continuous real function on a metric space X. Let
Z(f) (the zero set of f ) be the set of all p € X at which f(p) = 0. Prove that
Z(f) is closed.

Proof. Z(f) = f~1({0}), which is the inverse image of a closed set. Hence Z(f)
is closed. O

Exercise 4.4a Let f and g be continuous mappings of a metric space X into
a metric space Y, and let E be a dense subset of X. Prove that f(F) is dense
in f(X).

Proof. To prove that f(F) is dense in f(X), simply use that f(X) = f(E) C
f(E). O

Exercise 4.4b Let f and g be continuous mappings of a metric space X into
a metric space Y, and let E be a dense subset of X. Prove that if g(p) = f(p)
for all p € P then g(p) = f(p) for all p € X.

Proof. The function ¢ : X — R! given by

¢(p) = dy (f(p),9(p))

is continuous, since

ldy (f(p),9(p)) — dy (f(q),9(q)| < dy(f(p), f(q))+dy(g(p),9(q))

11



(This inequality follows from the triangle inequality, since

dy (f(p),9(p)) < dy(f(p), f(q)) +dy(f(q),9(q)) + dy(g9(q),9(p))

and the same inequality holds with p and ¢ interchanged. The absolute value
|dy (f(p), 9(p)) — dy (f(q),9(q))| must be either dy (f(p),9(p)) — dy (f(q),9(q))
or dy (f(q),9(q)) —dy(f(p),9(p)), and the triangle inequality shows that both
of these numbers are at most dy (f(p), f(q)) + dy (9(p), 9(q)).) By the previous
problem, the zero set of ¢ is closed. But by definition

Z(e)=A{p: fp) = g9(p)}

Hence the set of p for which f(p) = g(p) is closed. Since by hypothesis it is
dense, it must be X. O

Exercise 4.5a If f is a real continuous function defined on a closed set £ C R,
prove that there exist continuous real functions g on R such that g(z) = f(x)
forall z € F.

Proof. Following the hint, let the complement of F consist of a countable col-
lection of finite open intervals (ag, by) together with possibly one or both of the
the semi-infinite intervals (b, +00) and (—oo,a). The function f(x) is already
defined at aj, and by, as well as at a and b (if these last two points exist). Define
g(x) to be f(b) for x > b and f(a) for z < a if a and b exist. On the interval

(ak, bk) let
ay

9(x) = f (ar) + 53— (f (bn) = f (an).

Of course we let g(x) = f(z) for x € E. Tt is now fairly clear that g(z) is
continuous. A rigorous proof proceeds as follows. Let € > 0. To choose § > 0
such that |x — u| < § implies |g(z) — g(u)| < €, we consider three cases. i.
If x>0, let 6 = x—b. Then if |z —u| < 4, it follows that w > b also, so
that g(u) = f(b) = g(z), and |g(u) — g(z)] = 0 < e. Similarly if z < a, let
d=a—zil. Ifap <z <bgand f(ar) = f (br), let § = min (z — ag, by, — x).
Since |z — u| < § implies ar < u < by, so that g(u) = f(ax) = f (br) = g(x),
we again have |g(z) — g(u)] = 0 < e. If ap < & < by and f (ar) # f (br),

let § = min (z — ay, by — =z, %) Then if |z — u| < §, we again have

ar < u < by and so

==l )~  (an)] < e

by — ay,

l9(z) — g(u)]|

ili. If x € E, let §; be such that |f(u) — f(z)] < e if w € E and |z — u| < 4.
(Subcase a). If there are points 1 € EN (x — d1,xz) and x2 € EN (z,z + d1),
let 6 = min(z —z1,22 — ). If [u — 2| <6 and uw € E, then |f(u) — f(z)] <e
by definition of §;. if uw ¢ E, then, since x1,x, and x9 are all in E, it follows
that v € (ag,br), where ar, € E b, € E, and |ay — x| < ¢ and |by — x| < 4,
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so that |f (ar) — f(z)] < € and |f (br) — f(z)] < e. If f(ar) = f(bg), then
f(u) = f(ax) also, and we have |f(u) — f(z)] <e. If f(axr) # f (b), then

70 = £ = |7 (@) = £+ =% (£ 0) = £ a0)
= [P o) — )+ )~ F )
k — Qk k — Ak
b, —u uU— ag

3 3
bk—ak bk—ak
=&

(Subcase b). Suppose zo does not exist, i.e., either x = a; or x = a; and
by > aj + 01. Let us consider the second of these cases and show how to get
[f(u) = f(z)| <eforz <u<z+4+6 If flag) = f(bg), let § =61. Hu>=z
we have ap < u < by and f(u) = f(ax) = f(x). I f(ar) # f(bx), let 6 =

min ((517 %). Then, just as in Subcase a, we have |f(u) — f(z)| < e.

The case when x = by for some k and ar < = — 1 is handled in exactly the
same way. 0

Exercise 4.5b Show that there exist a set £ C R and a real continuous
function f defined on F, such that there does not exist a continuous real function
g on R such that g(x) = f(z) for all z € E.

Proof. Let E := (0,1), and define f(z) := 1/ for all x € E. If f has a
continuous extension g to R, then g is continuous on [—1,1], and therefore
bounded by the intermediate value theorem. However, f is not bounded in any
neighborhood of x = 0, so therefore g is not bounded either, a contradiction. [

Exercise 4.6 If f is defined on F, the graph of f is the set of points (z, f(x)),
for x € E. In particular, if F is a set of real numbers, and f is real-valued, the
graph of f is a subset of the plane. Suppose E is compact, and prove that f is
continuous on F if and only if its graph is compact.

Proof. Let Y be the co-domain of the function f. We invent a new metric
space E x Y as the set of pairs of points (z,y),2 € E,y € Y, with the metric
p((x1,91), (22,92)) = dE (21,22) + dy (y1,92). The function ¢(z) = (, f(z))
is then a mapping of F into £ x Y.

We claim that the mapping ¢ is continuous if f is continuous. Indeed, let
r € X and € > 0 be given. Choose n > 0 so that dy(f(z), f(u)) < § if
dg(z,y) <n. Then let § = min (n, §). It is easy to see that p(p(z), p(u)) < &
if dg(z,u) < §. Conversely if ¢ is continuous, it is obvious from the inequality
plp(x), p(u)) > dy (f(x), f(u)) that f is continuous.

From these facts we deduce immediately that the graph of a continuous
function f on a compact set E is compact, being the image of E under the
continuous mapping ¢. Conversely, if f is not continuous at some point x, there
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is a sequence of points x,, converging to = such that f (x,,) does not converge to
f(z). If no subsequence of f (x,) converges, then the sequence {(z,, f (z,)}, -,
has no convergent subsequence, and so the graph is not compact. If some
subsequence of f (z,,) converges, say f (x,,) — z, but z # f(x), then the graph
of f fails to contain the limit point (x, z), and hence is not closed. A fortiori it
is not compact. O

Exercise 4.8a Let f be a real uniformly continuous function on the bounded
set F in R'. Prove that f is bounded on E.

Proof. Let a = inf F and b = sup E, and let 6 > 0 be such that |f(x)— f(y)| <1
ifx,y € F and |z—y| < §. Now choose a positive integer N larger than (b—a)/d,

and consider the NV intervals I, = |a + %,a—i— ﬁ} ,k=1,2,...,N. For each

k such that Iy N E # @ let o, € ENI. Then let M = 1+ max{|f (zx)|}. If
x € E, we have |z — x| < ¢ for some k, and hence |f(z)] < M. O

Exercise 4.8b Let E be a bounded set in R'. Prove that there exists a real
function f such that f is uniformly continuous and is not bounded on E.

Proof. The function f(z) = x is uniformly continuous on the entire line, but
not bounded. O

Exercise 4.11a Suppose f is a uniformly continuous mapping of a metric
space X into a metric space Y and prove that {f (z,)} is a Cauchy sequence in
Y for every Cauchy sequence {z,} in X.

Proof. Suppose {z,} is a Cauchy sequence in X. Let ¢ > 0 be given. Let
4 > 0 be such that dy (f(x), f(u)) < ¢ if dx(x,u) < §. Then choose N so that
dx (T, Tm) < 6 if ny,m > N. Obviously dy (f (z,), f (zm)) < € if m,n > N,
showing that {f (z,)} is a Cauchy sequence. O

Exercise 4.12 A uniformly continuous function of a uniformly continuous
function is uniformly continuous.

Proof. Let f: X — Y and g : Y — Z be uniformly continuous. Then go f :
X — Z is uniformly continuous, where g o f(z) = g(f(z)) for all z € X. To
prove this fact, let € > 0 be given. Then, since g is uniformly continuous, there
exists 7 > 0 such that dz(g(u), g(v)) < € if dy (u,v) < 5. Since f is uniformly
continuous, there exists § > 0 such that dy (f(z), f(y)) <nif dx(z,y) < J

It is then obvious that dz(g(f(z)),9(f(y))) < e if dx(z,y) < 0, so that go f
is uniformly continuous. O
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Exercise 4.14 Let I = [0,1] be the closed unit interval. Suppose f is a
continuous mapping of I into I. Prove that f(z) = z for at least one = € I.

Proof. Tt f(0) =0 or f(1) =1, we are done. If not, then 0 < f(0) and f(1) < 1.
Hence the continuous function g(z) = x — f(z) satisfies g(0) < 0 < g(1). By the
intermediate value theorem, there must be a point = € (0,1) where g(z) =0 O

Exercise 4.15 Prove that every continuous open mapping of R' into R! is
monotonic.

Proof. Suppose f is continuous and not monotonic, say there exist points a <
b < ¢ with f(a) < f(b), and f(c) < f(b). Then the maximum value of f on the
closed interval [a, c] is assumed at a point w in the open interval (a,c). If there
is also a point v in the open interval (a,c) where f assumes its minimum value
on [a,c], then f(a,c) = [f(v), f(w)]. If no such point v exists, then f(a,c) =
(d, f(u)], where d = min(f(a), f(c)). In either case, the image of (a,c) is not
open. O

Exercise 4.19 Suppose f is a real function with domain R' which has the
intermediate value property: if f(a) < ¢ < f(b), then f(x) = ¢ for some x
between a and b. Suppose also, for every rational r, that the set of all  with
f(z) = r is closed. Prove that f is continuous.

Proof. The contradiction is evidently that x is a limit point of the set of ¢
such that f(t) = r, yet, o does not belong to this set. This contradicts the
hypothesis that the set is closed. O

Exercise 4.21a Suppose K and F' are disjoint sets in a metric space X, K
is compact, F is closed. Prove that there exists § > 0 such that d(p,q) > ¢ if
pe K,qe F.

Proof. Following the hint, we observe that pg () must attain its minimum value
on K, i.e., there is some point r € K such that

pr(r) =minpr(q).

Since F' is closed and r ¢ F', it follows from Exercise 4.20 that pp(r) > 0. Let
4 be any positive number smaller than pg(r). Then for any p € F,q € K, we
have

d(p,q) = pr(q) = pr(r) > 0.

This proves the positive assertion. O
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Exercise 4.24 Assume that f is a continuous real function defined in (a,b)
such that f (”‘Tﬂ’) < W for all z,y € (a,b). Prove that f is convex.

Proof. We shall prove that

fOz+ (1 =Ny) <Af(z)+ (1= N)f(y)
k

for all ”dyadic rational” numbers, i.e., all numbers of the form A = 5%, where k&
is a nonnegative integer not larger than 2. We do this by induction on n. The
case n = 0 is trivial (since A =0or A =1 ). In the case n = 1 we have A =0 or
A=1lor A= % The first two cases are again trivial, and the third is precisely
the hypothesis of the theorem. Suppose the result is proved for n < r, and
consider A\ = QT% If k£ is even, say k = 2[, then % = 2%, and we can appeal
to the induction hypothesis. Now suppose k is odd. Then 1 < k < 271 — 1,
and so the numbers [ = 221 and m = % are integers with 0 <[ <m < 27.

2
We can now write

s+t
)\:
2 ?
where s = 5111 = QL and ¢ = 5%11 = 5r. We then have
1— t 1-—t

2
Hence by the hypothesis of the theorem and the induction hypothesis we have

FOva + (1= Ay < LEEE ) 4 S e £ (0 1)

< sf@) + (A =8)fly) +tf(x) + (1= 8)fy)
= 2

(s;rt) Fx) + (1 - s;t> f(y)
=A(2)+ (1 =N f(y)

This completes the induction. Now for each fixed z and y both sides of the
inequality

fOz+ (1 =XNy) < Af(2) + (1 =) f(y)

are continuous functions of X\. Hence the set on which this inequality holds (the
inverse image of the closed set [0,00) under the mapping A — Af(z) + (1—

N f(y) — f(Az + (1 — A)y)) is a closed set. Since it contains all the points o,
0<k<mn,n=1,2,..., it must contain the closure of this set of points, i.e., it
must contain all of [0,1]. Thus f is convex. O

Exercise 5.1 Let f be defined for all real x, and suppose that |f(z) — f(y)| <
(x —y)? for all real z and y. Prove that f is constant.

Proof. Dividing by x — y, and letting  — y, we find that f’(y) = 0 for all y.
Hence f is constant. O
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Exercise 5.2 Suppose f'(z) > 0 in (a,b). Prove that f is strictly increasing
in (a,b), and let g be its inverse function. Prove that g is differentiable, and
that ¢'(f(x)) = ﬁ (a <z <b).

Proof. For any ¢,d with a < ¢ < d < b there exists a point p € (¢, d) such that
f(d) = f(e) = f'(p)(d — ¢) > 0. Hence f(c) < f(d)

We know from Theorem 4.17 that the inverse function g is continuous. (Its
restriction to each closed subinterval [c, d] is continuous, and that is sufficient.)
Now observe that if f(z) =y and f(x 4+ h) = y + k, we have

gly+k)—gly) 1 1 1
; Pla) ~ @ 7o)
Since we know lim ﬁ = m provided lim (t) # 0, it follows that for any

€ > 0 there exists 7 > 0 such that

1 1
FeAh=7@) ~ f(x)

<e

if 0 < |h| < n. Since h = g(y+k)—g(y), there exists § > 0 such that 0 < |h| <7
if 0 < |k| < §. The proof is now complete. O

Exercise 5.3 Suppose g is a real function on R!, with bounded derivative (say
l¢'| < M ). Fix € > 0, and define f(z) = = + eg(x). Prove that f is one-to-one
if € is small enough.

Proof. If 0 < € < 4, we certainly have

fl(x)>1-eM >0,

and this implies that f(x) is one-to-one, by the preceding problem. O
Exercise 5.4 1If Cy + % 4+ 4+ % + nafl = 0, where Cy,...,C, are real

constants, prove that the equation Cy + Ciz 4 -+ 4+ Cr_12™ ' + Cpz™ = 0 has
at least one real root between 0 and 1.

Proof. Consider the polynomial

Ch

C - Ch
p(z) = Cox + ?1332 oo 2l g gt
n

n+1

)

whose derivative is
p(x)=Co+Crz+ -+ Cp12" ' 4+ Cra™

It is obvious that p(0) = 0, and the hypothesis of the problem is that p(1) = 0.
Hence Rolle’s theorem implies that p’(z) = 0 for some x between 0 and 1. O

17



Exercise 5.5 Suppose f is defined and differentiable for every = > 0, and
f'(x) = 0as x = +oo. Put g(z) = f(x + 1) — f(z). Prove that g(z) — 0 as
T — +00.

Proof. Let € > 0. Choose xg such that |f'(z)|] < ¢ if © > z¢. Then for any
x > xg there exists z1 € (z,z + 1) such that

fle+1) = fe) = f'(z1) .
Since |f' (z1)| < ¢, it follows that |f(z + 1) — f(x)| < €, as required. O
Exercise 5.6 Suppose (a) f is continuous for x > 0, (b) f'(x) exists for z > 0,

(¢) f(0) =0, (d) f’ is monotonically increasing. Put g(x) = fgf) (x > 0) and
prove that g is monotonically increasing.

Proof. Put
g(x) =

and prove that g is monotonically increasing. By the mean-value theorem

% (x >0)

for some ¢ € (0,2). Since f’ is monotonically increasing, this result implies that
f(z) < zf'(x). It therefore follows that

oy = 2@~ f@)

> >0,

so that g is also monotonically increasing. O

Exercise 5.7 Suppose f'(x),¢'(x) exist, ¢'(z) # 0, and f(x) = g(x) = 0.

Prove that lim;_,,. % = g:gg

Proof. Since f(x) = g(x) = 0, we have

F(t fO)=f(=)

gy T A POErE)
S g( ) S R
i 20110

g(t)=g(x)

hmt—)x t—x

_ (=)
g (z)
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Exercise 5.15 Suppose a € R!, f is a twice-differentiable real function on
(a,00), and My, My, My are the least upper bounds of |f(x)l,|f (x)|,|f" (x)|,
respectively, on (a,o0). Prove that M2 < 4MqM-.

Proof. The inequality is obvious if My = 400 or My = 400, so we shall assume
that My and My are both finite. We need to show that

|f' ()] < 23/ Mo M,

for all x > a. We note that this is obvious if My = 0, since in that case f'(z)
is constant, f(z) is a linear function, and the only bounded linear function is
a constant, whose derivative is zero. Hence we shall assume from now on that
0 < Ms < 400 and 0 < My < +oo. Following the hint, we need only choose

h= 1/%‘;, and we obtain
|f' ()| < 2¢/ Mo Mo,

which is precisely the desired inequality. The case of equality follows, since the
example proposed satisfies

2
= ]_ —_——
1(@) 2 +1
for x > 0. We see easily that |f(z)] <1 for all z > —1. Now f'(z) = (1:24%)2

for # > 0 and f/'(z) = 4z for z < 0. It thus follows from Exercise 9 above
that f'(0) = 0, and that f’(x) is continuous. Likewise f”(z) =4 for z < 0 and

f'(z) = é;ﬁ"f; = 74(;22;11)3. This shows that |f”(z)| < 4 for z > 0 and also

that lim,_,o f”(x) = 4. Hence Exercise 9 again implies that f”(z) is continuous
and f”(0) = 4.

On n-dimensional space let f(z) = (f1(z),..., fu(z)), Mo = sup |f(z)|, M1 =
sup |f'(x)|, and Mo = sup |f”(z)|. Just as in the numerical case, there is nothing
to prove if My = 0 or My = 400 or My = 400, and so we assume 0 < My < 400
and 0 < My < oo. Let a be any positive number less than M, let x¢ be such

that |f (z)| > a, and let u = mf’ (29). Consider the real-valued function

o(x) = u-f(z). Let Ny, N1, and N3 be the suprema of |¢(z)], |¢’ ()|, and |¢" (x)]
respectively. By the Schwarz inequality we have (since |u] = 1)Ny < M, and
Ny < My, while Ny > ¢ (z0) = |/ (29)| > a. We therefore have a? < 4NyNy <
4MyMs>. Since a was any positive number less than M7, we have M12 < 4MyMs,
i.e., the result holds also for vector-valued functions.

Equality can hold on any R", as we see by taking f(x) = (f(«),0,...,0)
or f(x) = (f(x), f(z),..., f(x)), where f(z) is a real-valued function for which
equality holds.

O

Exercise 5.17 Suppose f is a real, three times differentiable function on
[-1,1], such that f(—-1) =0, f(0) =0, f(1)=1, f(0)=0.Prove that
f®(x) > 3 for some z € (—1,1).
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Proof. Following the hint, we observe that Theorem 5.15 (Taylor’s formula with
remainder) implies that

F)= FO) + 7O) + 55"0) + £7O(s)
F(=1) = £(0) = £/0) + 3"(0) ~ £ fD 1)

for some s € (0,1),t € (—1,0). By subtracting the second equation from the
first and using the given values of f(1), f(—1), and f’(0), we obtain

1

1= 2 (1) +190).

which is the desired result. Note that we made no use of the hypothesis f(0) =
0. O
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