Exercises from
Topology
by James Munkres

Exercise 13.1 Let X be a topological space; let A be a subset of X. Suppose
that for each x € A there is an open set U containing x such that U C A. Show
that A is open in X.

Proof. Since, from the given hypothesis given any x € A there exists an open
set containing x say, U, such that U, C A. Thus, we claim that

A:UUw

z€A

Observe that if we prove the above claim, then A will be open, being a union
of arbitrary open sets. Since, for each z € A, U, C A = UU, C A. For the
converse, observe that given any x € A,x € U, and hence in the union. Thus
we proved our claim, and hence A is an open set. O

Exercise 13.3b Show that the collection
Teo = {U|X — U is infinite or empty or all of X}

does not need to be a topology on the set X.

Proof. Let X = R,U; = (—00,0) and Us = (0,00). Then Uy and U are in T5,
but Uy U Uy = R\{0} is not. O

Exercise 13.4al If 7, is a family of topologies on X, show that (|7, is a
topology on X.

Proof. Since () and X belong to T, for each «, they belong to (), 7a. Let {V,@}ﬂ
be a collection of open sets in (), 7. For any fixed o we have UgVj3 € 7, since
Te is a topology on X, so Uﬂ Vs € N, Ta. Similarly, if Uy, ..., U, are elements
of N, Ta, then for each a we have |J]_, U; € T, and therefore |J;_, U; € N, Ta-
It follows that [, 74 is a topology on X. O



Exercise 13.4a2 If 7, is a family of topologies on X, show that |J7, does
not need to be a topology on X.

Proof. On the other hand, the union J,, 74 is in general not a topology on X.
For instance, let X = {a,b,c}. Then 71 = {0, X, {a}} and T3 = {0, X, {b}} are
topologies on X but 71 U Ts = {0, X, {a},{b}} is not. O

Exercise 13.4b1 Let 7, be a family of topologies on X. Show that there is
a unique smallest topology on X containing all the collections 7.

Proof. (b) First we prove that there is a unique smallest topology on X con-
taining all the collections 7T,. Uniqueness of such topology is clear. For each
a let B, be a basis for 7,. Let T be the topology generated by the subbasis
S =, Ba- Then the collection B of all finite intersections of elements of S is a
basis for 7. Clearly 7, C T for all a. We now prove that if O is a topology on
X such that T, C O for all a, then 7 C O. Given such O, we have B, C O for
all @, so § C O. Since O is a topology, it must contain all finite intersections
of elements of S, so B C O and hence T C O. We conclude that the topology
T generated by the subbasis & = U,B,, is the unique smallest topology on X
containing all the collections 7. O

Exercise 13.4b2 Let 7, be a family of topologies on X. Show that there is
a unique largest topology on X contained in all the collections 7.

Proof. Now we prove that there exists a unique largest topology contained in
all T,. Uniqueness of such topology is clear. Consider 7 =, To. We already
know that 7 is a topology by, and clearly T C 7, for all a. If O is another
topology contained in all 7, it must be contained in their intersection, so O C
T. I follows that T is the unique largest topology contained in all 7. O

Exercise 13.5a Show that if A is a basis for a topology on X, then the
topology generated by A equals the intersection of all topologies on X that
contain A.

Proof. Let T be the topology generated by A and let O be the intersection of
all topologies on X that contains A. Clearly © C T since T is a topology on X
that contain A. Conversely, let U € T, so that U is a union of elements of A.
Since each of this elements is also an element of O, their union U belongs to O.
Thus 7 C O and the equality holds. O

Exercise 13.5b Show that if A is a subbasis for a topology on X, then the
topology generated by A equals the intersection of all topologies on X that
contain A.



Proof. If we now considered A as a subbasis, then the elements of 7 are union
of finite intersections of elements of A. The inclusion O C 7T is again clear and
T C O holds since every union of finite intersections of elements of A belongs
to O. O

Exercise 13.6 Show that the lower limit topology R; and K-topology Rx are
not comparable.

Proof. Let T; and Tk denote the topologies of Ry and Ry respectively. Given
the basis element [0, 1) for 7y, there is no basis element for Tx containing 0 and
contained in [0,1), so Ty ¢ Tx. Similarly, given the basis element (—1,1)\K
for Tk, there is no basis element for 7; containing 0 contained in (—1,1)\ K, so

Tx ¢ T O

Exercise 13.8a Show that the collection {(a,b) | @ < b, a and b rational} is a
basis that generates the standard topology on R.

Proof. Exercise 13.8. (a) First note that B is a basis for a topology on R.
This follows from the fact that the union of its elements is all of R and the
intersection of two elements of B is either empty or another element of B. Let T
be the standard topology on R. Clearly the topology generated by B is coarser
than 7. Let U € T and « € U. Then U contains an open interval with centre
x. Since the rationals are dense in R with the standard topology, there exists
q € Q such that z € (x — ¢,z + q) C U. This proves that 7 is coarser than the
topology generated by B. We conclude that B generates the standard topology
on R. U

Exercise 13.8b Show that the collection {(a,b) | @ < b,a and b rational} is
a basis that generates a topology different from the lower limit topology on R.

Proof. (b) C is a basis for a topology on R since the union of its elements is R
and the intersection of two elements of C is either empty or another element of
C. Now consider [r, s) where r is any irrational number and s is any real number
greater than r. Then [r, s) is a basis element for the topology of Ry, but [r, s)
is not a union of elements of C. Indeed, suppose that [r,s) = Ug [aq,bs) for
rationals aq,b,. Then r € [aq,bs) for some «. Since r is irrational we must
have a, < r, but then a, ¢ [r,s), a contradiction. It follows that the topology
generated by C is strictly coarser than the lower limit topology on R. O

Exercise 16.1 Show that if Y is a subspace of X, and A is a subset of Y,
then the topology A inherits as a subspace of Y is the same as the topology it
inherits as a subspace of X.

Proof. Exercise 16.1. Let 7 be the topology A inherits as a subspace of Y,
and O be the topology it inherits as a subspace of X. A (standard) basis
element for 7 has the form U N A where U is open in Y, so is of the form



(YNV)NA=VnNAwhere V is open in X. Therefore every basis element for
T is also a basis element for O. Conversely, a (standard) basis element for O
have the form WNA =W NY NA where W is open in X. Since W NY is
open in Y, this is a basis element for 7, so every basis element for O is a basis
element for 7. It follows that 7 = O. O

Exercise 16.4 A map f : X — Y is said to be an open map if for every
open set U of X, the set f(U) is open in Y. Show that m; : X x Y — X and
me : X XY — Y are open maps.

Proof. Exercise 16.4. Let U x V be a (standard) basis element for X x Y, so
that U is open in X and V is open in Y. Then 71 (U x V) = U is open in
X and m(U x V) = V is open in Y. Since arbitrary maps and unions satisfy
F(UaWa) =U, f(Wy), it follows that 71 and 7y are open maps. O

Exercise 16.6 Show that the countable collection
{(a,b) x (¢,d) | a < band ¢ < d, and a,b,c,d are rational}

is a basis for R2.

Proof. We know that B = {(a,b)|a < b,a and brational} is a basis for R, there-
fore the set we are concerned with in the above question is a basis for R2. O

Exercise 17.4 Show that if U is open in X and A is closed in X, then U — A
is open in X, and A — U is closed in X.

Proof. Since
X\(U\A) = (X\U)UA and X\(A\U)=(X\A)UU,

it follows that X\(U\A) is closed in X and X\(A\U) is open in X. O

Exercise 18.8a Let Y be an ordered set in the order topology. Let f,g: X —
Y be continuous. Show that the set {z | f(x) < g(x)} is closed in X.

Proof. We prove that U = {z | g(z) < f(x)} is open in X. Let a € U, so
that g(a) < f(a). If there is an element ¢ between g(a) and f(a), then a €
g 1 ((=00,¢)) N f1((c, +0)). If there are no elements between g(a) and f(a),
thena € g=' ((—oo, f(a)) N f~*((g(a), +o0)). Note that all these preimages are
open since f and g are continuous. Thus U =V U W, where

V=g ((o0,enf (e, +00)) and W= |J g7 (=00, f(a)) N f " ((g(a), +00))
ceX g(a)<f(a)
(9(a),f(a))=0
are open in X. So U is open in X and therefore X\U = {z | f(z) < g(z)} is
closed in X. 0



Exercise 18.8b Let Y be an ordered set in the order topology. Let f,g :
X — Y be continuous. Let h : X — Y be the function h(x) = min{f(z), g(x)}.
Show that h is continuous.

Proof. Let A= {z| f(z) < g(x)} and B = {z | g(x) < f(z)}. Then A and B
are closed in X by (a), ANB = {z | f(z) = g(z)}, and X = AUB. Since f and
g are continuous, their restrictions f’: A — Y and ¢’ : B — Y are continuous.
It follows from the pasting lemma that

hX Y, h(r) = min{f(x), ga)} = {5(“)) e

is continuous O

Exercise 18.13 Let A C X;let f: A — Y be continuous; let Y be Hausdorff.
Show that if f may be extended to a continuous function g : A — Y, then g is
uniquely determined by f.

Proof. Let h,g: A — Y be continuous extensions of f. Suppose that there is a
point z € A such that h(z) # g(z). Since h = g on A, we must have x € A’.
Since Y is Hausdorff, there is a neighbourhood U of h(z) and a neighbourhood
V of g(z) such that UNV = (). Since h and g are continuous, h=1(U) N g~ (V)
is a neighbourhood of z. Since x € A’, there is a point y € =1 (U)Ng~ (V)N A
different from x. But h = g on 4, so g (V)N A = h=1(V) N A and hence
yeh Y U)NKY(V)=hr"1(UNV) =0, a contradiction. It follows that h = g
on A. O

Exercise 19.6a Let x1,Xs,... be a sequence of the points of the product
space [[ Xo. Show that this sequence converges to the point x if and only if the
sequence 7, (X;) converges to 7, (x) for each a.

Proof. For each n € Z,, we write x,, = (22),,, so that 7, (x,,) = = for each .
First assume that the sequence x1, Xs, ... converges to x = (z),, in the product
space [[, Xo. Fix an index § and let U be a neighbourhood of 7g(x) = xg.
Let V' = I], Ua, where U, = X, for each a # 8 and Ug = U. Then V is a
neighbourhood of x, so there exists N € Z,such that x, € V for all n > N.
Therefore 75 (x,,) = 22 € U for all n > N. Since U was arbitrary, it follows
that 75 (x1),7g (x2), ... converges to mg(x). Since 8 was arbitrary, this holds
for all indices a. O

Exercise 20.2 Show that R xR in the dictionary order topology is metrizable.

Proof. The dictionary order topology on R x R is the same as the product
topology Ry x R, where R; denotes R with the discrete topology. We know
that Ry and R are metrisable. Thus, it suffices to show that the product of



two metrisable spaces is metrisable. So let X and Y be metrisable spaces, with
metrics d and d’ respectively. On X x Y, define

p(z x y,w x 2) = max {d(z,w),d (y,2)} .

Then p is a metric on X X Y; it remains to prove that it induces the product
topology on X x Y. If By (x,71) X By (y,r2) is a basis element for the product
space X x Y, and r = min {ry, 72}, then 2 x y € B,(z x y,r) C Bg(x,11) X
By (y,r2), so the product topology is coarser than the p-topology. Conversely,
if B,(xz x y,0) is a basis element for the p-topology, then = x y € Bg(x,d) X
By (y,d) C By(x xy,0), so the product topology is finer than the p-topology. It
follows that both topologies are equal, so the product space X xY is metrisable.

O

Exercise 21.6a Define f, : [0,1] — R by the equation f,(z) = z™. Show
that the sequence (f,(z)) converges for each z € [0, 1].

Proof. Tf 0 < x < 1 is fixed, then f,(z) — 0 as n — oo. As f,(1) = 1 for all
n, fn(1) = 1. Thus (f,),, converges to f:[0,1] = R given by f(z) =0if 2 =0
and f(1) = 1. The sequence O

Exercise 21.6b Define f,, : [0,1] — R by the equation f,(z) = z". Show
that the sequence (f,,) does not converge uniformly.

Proof. The sequence (f,), does not converge uniformly, since given 0 < ¢ < 1
and N € Z,, for x = /N we have d (fn(x), f(z)) = e. We can also apply
Theorem 21.6: the convergence is not uniform since f is not continuous. O

Exercise 21.8 Let X be a topological space and let Y be a metric space. Let
fn : X = Y be a sequence of continuous functions. Let z, be a sequence of
points of X converging to x. Show that if the sequence (f,,) converges uniformly
to f, then (f, (z,)) converges to f(x).

Proof. Let d be the metric on Y. Let V be a neighbourhood of f(z), and let
e > 0 be such that f(z) € By(f(x),e) C V. Since (fy), converges uniformly
to f, there exists Ny € Zjsuch that d (f,(z), f(z)) < /2 for all x € X and
all n > Ny, so that d(f, (x,),f(zn)) < €/2 for all n > N;. Moreover, f
is continuous, so there exists Ny € Zisuch that d(f (z,), f(z)) < /2 for all
n > Ny. Thus, if N > max {Ny, N2}, then

e €
for alln > N, so f, (x,) € V for all n > N. It follows that (f, (x,)), converges
to f(x). O



Exercise 22.2a Let p: X — Y be a continuous map. Show that if there is a
continuous map f : Y — X such that p o f equals the identity map of Y, then
p is a quotient map.

Proof. Let 1y : Y — Y be the identity map in Y. If U is a subset of Y
and p~*(U) is open in X, then f~* (p~1(U)) = 13'(U) = U is open in Y by
continuity of f. Thus p is a quotient map. O

Exercise 22.2b If A C X, a retraction of X onto A is a continuous map
r : X — A such that r(a) = a for each ¢ € A. Show that a retraction is a
quotient map.

Proof. The inclusion map i : A — X is continuous and roi = 14 is the identity.
Thus r is a quotient map by (a). O

Exercise 22.5 Let p: X — Y be an open map. Show that if A is open in X,
then the map ¢: A — p(A) obtained by restricting p is an open map.

Proof. Let U be open in A. Since A is open in X,U is open in X as well, so
p(U) is open in Y. Since ¢(U) = p(U) = p(U) N p(A), the set ¢(U) is open in
p(A). Thus ¢ is an open map. O

Exercise 23.2 Let {A,} be a sequence of connected subspaces of X, such
that A, N A,41 # @ for all n. Show that J A, is connected.

Proof. Suppose that | J,, A, = BUC, where B and C are disjoint open subsets
of |J,, An. Since A; is connected and a subset of B U C, by Lemma 23.2 it lies
entirely within either B or C'. Without any loss of generality, we may assume
A; C B. Note that given n, if A, C B then A,y; C B, for if A,,;1 C C
then A, N 4,41 C BN C = ), in contradiction with the assumption. By
induction, A,, C B for all n € Z, so that | J,, A, C B. It follows that J,, A, is
connected. O

Exercise 23.3 Let {A,} be a collection of connected subspaces of X; let A
be a connected subset of X. Show that if AN A, # @ for all «, then AU (|J Aq)
is connected.

Proof. For each o we have AN A, # 0, so each AU A, is connected by Theorem
23.3. In turn {AU A, },, is a collection of connected spaces that have a point in
common (namely any point in A), so |, (AU A,) = AU (U, Aa) is connected.

O



Exercise 23.4 Show that if X is an infinite set, it is connected in the finite
complement topology.

Proof. Suppose that A is a non-empty subset of X that is both open and closed,
i.e., A and X\A are finite or all of X. Since A is non-empty, X\A is finite.
Thus A cannot be finite as X\ A is infinite, so A is all of X. Therefore X is
connected. O

Exercise 23.6 Let A C X. Show that if C' is a connected subspace of X that
intersects both A and X — A, then C intersects Bd A.

Proof. Suppose that CNBdA = CNANX — A ={). Then CNAand CN(X\A)
are a pair of disjoint non-empty sets whose union is all of C, neither of which
contains a limit point of the other. Indeed, if CN (X — A) contains a limit point
rof CNA thenzeCN(X -A)NA CCNANX — A=, a contradiction,
and similarly C'N A does not contain a limit point of C N (X — A). Then CN A
and C'N (X — A) constitute a separation of C, contradicting the fact that C' is
connected (Lemma 23.1). O

Exercise 23.9 Let A be a proper subset of X, and let B be a proper subset
of V. If X and Y are connected, show that (X xY) — (A x B) is connected.

Proof. This is similar to the proof of Theorem 23.6. Take cxd € (X\A)x(Y\B).
For each x € X\ A, the set

U, = (X x {d}) U ({e} x )

is connected since X x {d} and {z} x Y are connected and have the common
point z x d. Then U = UIeX\A U, is connected because it is the union of the
connected spaces U, which have the point ¢ X d in common. Similarly, for each
y € Y\B the set

V, = (X x g U({c} x V)

is connected, so V' =J, ey p Vy is connected. Thus (X x Y)\(Ax B)=UUV
is connected since ¢ x d is a common point of U and V. O

Exercise 23.11 Let p: X — Y be a quotient map. Show that if each set
p~1({y}) is connected, and if Y is connected, then X is connected.

Proof. Suppose that U and V constitute a separation of X. If y € p(U), then
y = p(z) for some x € U, so that x € p~({y}). Since p~!({y}) is connected and
r e UNpt({y}), we have p~1({y}) C U. Thus p~({y}) C U for all y € p(U),
so that p~!(p(U)) C U. The inclusion U C p~1(p(U)) if true for any subset and
function, so we have the equality U = p~!(p(U)) and therefore U is saturated.
Similarly, V' is saturated. Since p is a quotient map, p(U) and p(V') are disjoint
non-empty open sets in Y. But p(U)Up(V) =Y as p is surjective, so p(U) and
p(V') constitute a separation of Y, contradicting the fact that Y is connected.
We conclude that X is connected. O



Exercise 24.2 Let f : S' — R be a continuous map. Show there exists a
point x of St such that f(z) = f(—=z).

Proof. Let f: S' — R be continuous. Let z € St. If f(z) = f(—2) we are done,
so assume f(z) # f(—z). Define g : S' — R by setting g(z) = f(z) — f(—=z).
Then g is continuous. Suppose f(x) > f(—z), so that g(z) > 0. Then —x € S*
and g(—z) < 0. By the intermediate value theorem, since S! is connected and
g(—x) < 0 < g(x), there exists y € S* such that g(y) = 0. i.e, f(y) = f(—vy).
Similarly, if f(z) < f(—=), then g(z) < 0 < g(—z) and again the intermediate
value theorem gives the result. O

Exercise 24.3a Let f: X — X be continuous. Show that if X = [0, 1], there
is a point x such that f(x) = 2. (The point z is called a fixed point of f.)

Proof. If f(0) =0 or f(1) =1 we are done, so suppose f(0) > 0 and f(1) < 1.
Let g : [0,1] — [0, 1] be given by g(x) = f(z) —z. Then g is continuous, g(0) > 0
and g(1) < 0. Since [0,1] is connected and g(1) < 0 < ¢(0), by the intermediate
value theorem there exists € (0,1) such that g(x) = 0, that is, such that
f(z) == O

Exercise 25.4 Let X be locally path connected. Show that every connected
open set in X is path connected.

Proof. Let U be a open connected set in X. By Theorem 25.4, each path
component of U is open in X, hence open in U. Thus, each path component in
U is both open and closed in U, so must be empty or all of U. It follows that
U is path-connected. O

Exercise 25.9 Let G be a topological group; let C' be the component of G
containing the identity element e. Show that C' is a normal subgroup of G.

Proof. Given x € G, the maps y — xy and y — yxr are homeomorphisms of
G onto itself. Since C is a component, xC' and C'x are both components that
contain x, so they are equal. Hence xC = Cx for all x € G, so C' is a normal
subgroup of G. O

Exercise 26.11 Let X be a compact Hausdorff space. Let A be a collection
of closed connected subsets of X that is simply ordered by proper inclusion.
Then Y = )44 A is connected.

Proof. Since each A € A is closed, Y is closed. Suppose that C and D form a
separation of Y. Then C' and D are closed in Y, hence closed in X. Since X
is compact, C and D are compact by Theorem 26.2. Since X is Hausdorff, by
Exercise 26.5, there exist U and V open in X and disjoint containing C' and D,
respectively. We show that

() (AU uV))

AcA



is not empty. Let {A1,...,A,} be a finite subcollection of elements of A. We
may assume that A; C A;4q1 foralli=1,...,n—1. Then

D:

(ANUUV)) = A\(UUV).

i=1

Suppose that A;\(U U V) = . Then A; C UUV. Since A4; is connected and
UNV = {0, Ay lies within either U or V, say Ay C U. Then Y Cc A; C U,
sothat C =Y NC Cc YNV =0, contradicting the fact that C' and D form
a separation of Y. Hence, (_, (4;\(UUV)) is non-empty. Therefore, the
collection {A\(U UV) | A € A} has the finite intersection property, so

(AW uUV)) = <ﬂA> \(UUuV)=Y\(UUV)

AcA AcA
is non-empty. So there exists y € Y such that y ¢ UUV D C'UD, contradicting

the fact that C' and D form a separation of Y. We conclude that there is no
such separation, so that Y is connected. O

Exercise 26.12 Let p: X — Y be a closed continuous surjective map such
that p~!({y}) is compact, for each y € Y. (Such a map is called a perfect map.)
Show that if Y is compact, then X is compact.

Proof. We first show that if U is an open set containing p~1({y}), then there is
a neighbourhood W of y such that p~1(W) is contained in U. Since X — U is
closed in X, p(X —U) is closed in Y and does not contain y, so W = Y\p(X\U)
is a neighbourhood of y. Moreover, since X\U C p~(p(X\U) ) (by elementary
set theory), we have

p (W) =p (Y \p(X\U)) =p~ ' (Y)\p ™ (p(X\U)) € X\(X\U) =
Now let A be an open covering of X. For each y € Y, let A, be a subcollection

of A such that
{whc U A
A€EA,

Since p~!({y}) is compact, there exists a finite subcollection of A, that also cov-
ers p~ ' ({y}), say {A;,..., Ay"}. Thus ;24 Al is open and contains p~! ({y}),
so there exists a neighbourhood W, of y such that pt (W) is contained in
U, A;. Then {Wy}er is an open covering of Y, so there exist y1,...,yx € Y

such that {Wy]. }521 also covers Y. Then

k k koM
X=p'(Y)cp! U Wy, | = U pt(Wy,) C U U Aéj
j=1 i=1 j=1 \i=
1) ,

is a finite subcollection of A that also covers X. Therefore, X is compact. [

10



Exercise 27.4 Show that a connected metric space having more than one
point is uncountable.

Proof. The distance function d : X xX — R is continuous by Exercise 20.3(a), so
given x € X, the function d, : X — R given by d,(y) = d(z,y) is continuous by
Exercise 19.11. Since X is connected, the image d,(X) is a connected subspace
of R, and contains 0 since d () = 0. Thus, if y € X and y # z, then d (X)
contains the set [0, ], where § = d,(y) > 0. Therefore X must be uncountable.

O

Exercise 28.4 A space X is said to be countably compact if every countable
open covering of X contains a finite subcollection that covers X. Show that for
a T space X, countable compactness is equivalent to limit point compactness.

Proof. First let X be a countable compact space. Note that if Y is a closed
subset of X, then Y is countable compact as well, for if {Un}n,ez+ is a countable
open covering of Y, then {Uy}, 7, U(X\Y) is a countable open covering of X;
there is a finite subcovering of X, hence a finite subcovering of Y. Now let A
be an infinite subset. We show that A has a limit point. Let B be a countable
infinite subset of A. Suppose that B has no limit point, so that B is closed in
X. Then B is countable compact. Since B has no limit point, for each b € B
there is a neighbourhood U, of b that intersects B in the point b alone. Then
{Ub},c 5 is an open covering of B with no finite subcovering, contradicting the
fact that B is countable compact. Hence B has a limit point, so that A has
a limit point as well. Since A was arbitrary, we deduce that X is limit point
compact. (Note that the T} property is not necessary in this direction.)

Now assume that X is a limit point compact T} space. We show that X
is countable compact. Suppose, on the contrary, that {Un}nEZ+ is a countable
open covering of X with no finite subcovering. For each n, take a point z,, in
X not in U; U---UU,. By assumption, the infinite set A = {z,, | n € Z; }thas
a limit point y € X. Since {Uy}, ¢z, covers X, there exists N € Z;such that
y € UyU---UUy. Now X is Tj, so for each ¢ = 1,..., N there exists a
neighbourhood V; of y that does not contain x;. Then

V=WVin---NnVy)N{UU---UUy)

is a neighbourhood of y that does not contain any of the points x;, contradicting
the fact that y is a limit point of A. It follows that every countable open covering
of X must have a finite subcovering, so X is countable compact. O

Exercise 28.5 Show that X is countably compact if and only if every nested
sequence C7 D Co D --- of closed nonempty sets of X has a nonempty intersec-
tion.

Proof. We could imitate the proof of Theorem 26.9, but we prove directly each
direction. First let X be countable compact and let C; D Cy D --- be a
nested sequence of closed nonempty sets of X. For each n € Z,,U,, = X\C,, is
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open in X. Then {Un}nez+ is a countable collection of open sets with no finite
subcollection covering X, for if U;, U---U Uy, covers X, then C;, N---NC;, is
empty, contrary to the assumption. Hence {U”}n€Z+ does not cover X, so there
exist z € X\ Un€Z+ U, = ﬂn€Z+ (X\Up) = ﬂn€Z+ Ch.

Conversely, assume that every nested sequence C7; D Cs D -- - of closed non-
empty sets of X has a non-empty intersection and let {Uy},, 7, be a countable
open covering of X. For each n, let V,, = U;U---UU,, and C,, = X\V,,. Suppose
that no finite subcollection of {U”}nEZ+ covers X. Then each C), is non-empty,
o C, is
o Cy, so that x ¢ V,, for
all n, contradicting the fact that {U,},, ez, covers X It follows that there exists
N € Z,such that Cy = (), so that X = Vv and hence some finite subcollection
of {Un},, ez, covers X. We deduce that X is countable compact. O

s0o C1 D Cy D - -+ is a nested sequence of non-empty closed sets and [
non-empty by assumption. Then there exists x € [

Exercise 28.6 Let (X,d) be a metric space. If f : X — X satisfies the
condition d(f(x), f(y)) = d(z,y) for all z,y € X, then f is called an isometry
of X. Show that if f is an isometry and X is compact, then f is bijective and
hence a homeomorphism.

Proof. Note that f is an imbedding. It remains to prove that f is surjec-
tive. Suppose it is not, and let a € f(X). Since X is compact, f(X) is
compact and hence closed (every metric space is Hausdorff). Thus, there
exists € > 0 such that the £~ neighbourhood of a is contained in X\ f(X).
Set 1 = a, and inductively z,4+1 = f(x,) for n € Z;. We show that
d(xp,xy) > € for n # m. Indeed, we may assume n < m. If n > 1, then
d(Tp, ) = cl(f_1 (xn), 1 (xm)) = d(zp—1,Zm-1). By induction it fol-
lows that d (@, zm) = d(xp_i, Tm—;) for all @ > 1, and hence d (z,,zy,) =
d(a,tm—n) =d(a, f (®m—n—1)). Since f (zm—n—1) € f(X) and B(a,e)Nf(X) =
0, we have d (z,zm) > €, as claimed. Thus {z,}, c; is a sequence with no con-
vergent subsequence, so X is not sequentially compact. This contradicts the fact
that X is compact. Therefore f is surjective and hence a homeomorphism. [

Exercise 29.1 Show that the rationals Q are not locally compact.

Proof. First, we prove that each set QN {a,b], where a, b are irrational numbers,
is not compact. Indeed, since QN [a,d] is countable, we can write Q N [a,b] =
{q1,92,...}. Then {Ui}iE@, where U; = QN [a,q;) for each 4, is an open
covering of Q N [a,b] with no finite subcovering. Now let € Q and suppose
that Q is locally compact at . Then there exists a compact set C' containing a
neighbourhood U of z. Then U contains a set QN [a, b] where a,b are irrational
numbers. Since this set is closed and contained in the compact C, it follows
QN [a,b] is compact, a contradiction. Therefore, Q is not locally compact. O

Exercise 29.4 Show that [0,1]* is not locally compact in the uniform topol-
ogy.
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Proof. Consider 0 € [0,1]* and suppose that [0,1]* is locally compact at 0.
Then there exists a compact C' containing an open ball B = B,(0,¢) C [0, 1]“.
Note that B = [0,¢]“. Then [0,¢]“ is closed and contained in the compact C,
so it is compact. But [0,e]“ is homeomorphic to [0, 1]*, which is not compact
by Exercise 28.1. This contradiction proves that [0, 1] is not locally compact
in the uniform topology. O

Exercise 29.10 Show that if X is a Hausdorff space that is locally compact
at the point z, then for each neighborhood U of z, there is a neighborhood V'
of x such that V is compact and V C U.

Proof. Let U be a neighbourhood of . Since X is locally compact at x, there
exists a compact subspace C' of X containing a neighbourhood W of . Then
UNW is open in X, hence in C. Thus, C\(UNW) is closed in C, hence compact.
Since X is Hausdorff, there exist disjoint open sets Vi and V5 of X containing
x and C\(U NW) respectively. Let V =V, NUNW. Since V is closed in C, it
is compact. Furthermore, V is disjoint from C\(UNW) > C\U,so V Cc U. O

Exercise 30.10 Show that if X is a countable product of spaces having count-
able dense subsets, then X has a countable dense subset.

Proof. Let (X,,) be spaces having countable dense subsets (A,,). For each n, fix
an arbitrary x,, € X,. Consider the subset A of X defined by

A= U {H U, : U, = A, for finitely many n and is {x,} otherwise } .

This set is countable because the set of finite subsets of N is countable and each
of the inner sets is countable. Now, let © € X and V = [[V,, be a basis element
containing x such that each V,, is open in X,, and V,, = X, for all but finitely
many n. For each n, if V,, # X,,, choose a y, € (A, NV,) (such a y, exists
since A, is dense in X,,). Otherwise, let y,, = z,,. Then (y,) € (ANV), proving
that A is dense in X. O

Exercise 30.13 Show that if X has a countable dense subset, every collection
of disjoint open sets in X is countable.

Proof. Let U be a collection of disjoint open sets in X and let A be a countable
dense subset of X. Since A is dense in X, every U € U intesects S. Therefore,
there exists a point zy € UNS. Let Uy, Uz € U, Uy # Us. Then zy, # zy,
since U; N Uy = (. Thus, the function & — S given by U — xy is injective and
therefore, since S is countable, it follows that I/ is countable. O

Exercise 31.1 Show that if X is regular, every pair of points of X have
neighborhoods whose closures are disjoint.
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Proof. Let z,y € X be two points such that  # y. Since X is regular (and
thus Hausdorff), there exist disjoint open sets U,V C X such that x € U and
y € V. Note that y ¢ U. Otherwise V must intersect U in a point different
from y since V' is an open neighborhood of y, which is a contradiction since U
and V are disjoint. Since X is regular and U is closed, there exist disjoint open
sets U, V' C X such that U CU’ and y € V.

And now U and V' are neighborhoods of x and y whose closures are disjoint.
If U NV’ # (), then it follows that U’ D U intersects V’. Since U’ is open, it
follows that U’ intersects V', which is a contradiction. O

Exercise 31.2 Show that if X is normal, every pair of disjoint closed sets
have neighborhoods whose closures are disjoint.

Proof. Let A and B be disjoint closed sets. Then there exist disjoint open sets
U and V containing A and B respectively.

Since X'\V is closed and contains U, the closure of U is contained in X\V
hence B and closure of U are disjoint.

Repeat steps 1 and 2 for B and U instead of A and B respectively and you
will have open set V' which contains B and its closure doesn’t intersect with
U. O

Exercise 31.3 Show that every order topology is regular.

Proof. Let X be an ordered set. First we show that X is a Tj-space. For x € X
we have that
X\{z} = (—o0, ) U (z, +00)

which is an open set as an union of two open intervals. Therefore, the set {z}
is closed. Step 2 2 of 3 Now to prove that X is regular we use Lemma 31.1. Let
x € X be any point and U C X any open neighborhood of . Then there exist
a,b € X such that = € {(a,b) C U. Now we have four possibilities. 1. If there
exist 1,22 € U such that a < x1 < x < 2 < b, then

x € (x1,22) C (1,22) C [21,22] C (a,b) CU

2. If there exists 1 € U such that a < 1 < x, but there’s no x5 € U such that
x < xy < b, then

x € (x1,b) = (z1,2] C (x1,2] C [x1,2] C (a,b) CU

3. If there exists x5 € U such that x < x5 < b, but there’s no x1 € U such that
a < xp < x, then

z € (a,x2) = [x,22) C [z,22) C [x,22] C (a,b) CU

4. 1If there’s no x1 € U such that a < 1 < z and no z9 € U such that
T < xy < b, then L
z€(a,b)={a} ={a}={a} CU
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We have that {2} = {z} because X is a Tj-space. In all four cases we proved

that there exists an open interval V such that + € V C V C U, so X is
regular. U

Exercise 32.1 Show that a closed subspace of a normal space is normal.

Proof. Let X be a normal space and Y a closed subspace of X. First we shows
that Y is a Ti-space. Let y € Y be any point. Since X is normal, X is also a
T, space and therefore {y} is closed in X. Then it follows that {y} = {y} NY
is closed in Y (in relative topology). Now let’s prove that X is a Ty-space. Let
F,G CY be disjoint closed sets. Since F' and G are closed in Y and Y is closed
in X, it follows that F' and G are closed in X.

Since X is normal, X is also a Ty-space and therefore there exist disjoint
open sets U,V C X such that F C U and G C V. However, then U NY and
V' NY are open disjoint sets in Y (in relative topology) which separate F' and
G. O

Exercise 32.2a Show that if [[ X, is Hausdorff, then so is X,,. Assume that
each X, is nonempty.

Proof. Suppose that X = H,@ X3 is Hausdorff and let a be any index. Let
z,y € X, be any points such that z # y. Since all Xz are nonempty, there
exist points x,y € X such that x5 = yg for every 8 # a and zo = z,y0 = ¥.
Since = # y, it follows that x # y. Since X is Hausdorff, there exist open
disjoint sets U,V C X such that x € U and y € V. For 8 # « we have that
zg =yg € mg(U)Nmg(V), hence mg(U) and mg(V') are not disjoint. Since U and
V are disjoint, it follows that 7, (U) N7 (V) = 0. We also have that x € 7, (U)
and y € m, (V) and since the projections are open maps, it follows that the sets
7o (U) and 7, (V) are open. This proves that  and y can be separated by open
sets, so X, is Hausdorff. O

Exercise 32.2b Show that if [[ X, is regular, then so is X,. Assume that
each X, is nonempty.

Proof. Suppose that X = HB Xpg is regular and let o be any index. We have to
prove that X, satisfies the 77 and the T35 axiom. Since X is regular, it follows
that X is Hausdorff, which then implies that X, is Hausdorff. However, this
implies that X, satisfies the T axiom.

Let now F C X, be a closed set and « € X, \F a point. Then Hﬁ Fg, where

F, =F and Fg = X for 8 # «, is a closed set in X since (HB Fg)c = [15 Us,
where U, = F¢ and Ug = Xg for 8 # «, which is an open set because it is a
base element for the product topology. Since all Xz are nonempty, there exists
a point x € X such that x, = . Then x ¢ [[5 Fg. Now since X is regular
(and therefore satisfies the T35 axiom), there exist disjoint open sets U,V C X
such that x € U and [[5 Fg C V.
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Now for every 8 # o« we have that 3 € Xg = mg(V). However, since
zg € mg(U), it follows that w3(U) Nmwz(V) # . Then U NV = @ implies that
Ta(U) N7o(V) = 0.. Also, z € mo(U) and F C 7o (V) and 7 (U), 7, (V) are
open sets since 7, is an open map. Therefore, X, satisfies the T3 axiom. O

Exercise 32.2c¢ Show that if [[ X, is normal, then so is X,. Assume that
each X, is nonempty.

Proof. Suppose that X = Hﬁ Xp is normal and let o be any index. Since X is
normal, it follows that X is Hausdorff (or regular), which then implies that X,
is Hausdorff (or regular). This imples that X, satisfies the T} axiom. Now the
proof that X, satisfies the Ty axiom is the same as for regular spaces. If F,G C
X, are disjoint closed sets, then Hﬁ Fp and H,g Gg, where F, = F,G, = G and
Fg = Gg = Xp for f # a, are disjoint closed sets in X. Since X is normal (and
therefore satisfies the T, axiom), there exist disjoint open sets U,V C X such
that [[; Fs C U and [[3 Gg €V Then 7, (U) and 7, (V) are disjoint open sets
in X,, such that F' C 7, (U) and G C 74 (V). O

Exercise 32.3 Show that every locally compact Hausdorff space is regular.

Proof. Let X be a LCH space. Then it follows that for every z € X and for
every open neighborhood U C X of x there exists an open neighborhood V C X
of 2 such that V C U (and V is compact, but this is not important here). Since
X is a Hausdorff space, it satisfies the 77 axiom. Then it follows that X is
regular. O

Exercise 33.7 Show that every locally compact Hausdorff space is completely
regular.

Proof. X is a subspace of a compact Hausdorff space Y, its one-point compact-
ification. Y is normal, and so by the Urysohn lemma Y is completely regular.
Therefore by corollary X is completely regular. O

Exercise 33.8 Let X be completely regular, let A and B be disjoint closed
subsets of X. Show that if A is compact, there is a continuous function f: X —
[0,1] such that f(A) = {0} and f(B) = {1}.

Proof. Since X is completely regular Va € A,3f, : X — [0,1] : fo(a) = 0
and f,(B) = {1}. For some ¢, € (0,1) we have that U, := f;1([0,¢€)) is an
open neighborhood of a that does not intersect B. We therefore have an open
covering {U, | a € A} of A, so since A is compact we have a finite subcover
{Ua, |1 <i<m}. For each 1 <i < m define

fa; : X = [0,1]

max (f(lz (l‘), 6117‘,) — €a;

1—eq,

T —
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so that Vz € U,, : fa,(#) =0 and Vz € B,Y1 <i < m: fo,(x) = 1, and define
f =TI, fa,- Then since A C U",U,, we have that f(A) = {0} and also we
have f(B) = {1}. O

Exercise 34.9 Let X be a compact Hausdorff space that is the union of the
closed subspaces X; and X5. If X; and X, are metrizable, show that X is
metrizable.

Proof. Both X7 and X5 are compact, Hausdorff and metrizable, so by exercise 3
they are second countable, i.e. there are countable bases {U; ,, C X; | n € N} for
i € {1,2}. By the same exercise it is enough to show that X is second countable.
If X1NX, = 0 both X; and X, are open and the union {U; ,, | i € {1,2};n € N}
of their countable bases form a countable base for X.

Suppose now X1 N X5 # 0. Let z € X and U C X be an open neighborhood
ofz. If v € X; — X; = X— X then U N X; is open in X; and there is a basis
neighborhood U; ,, of x such that z € U;,, N X — X is an open neighborhood
of z in the open subset X — X, so U; , N X — X is also open in X. Suppose
now that x € X; N X5. We have that U N X, is open in X; so there is a basis
neighborhood Uj; ,,, contained in U N X;. By definition of sub-space topology
there is some open subset V; ,,, C X such that U; ,,, = X; NV, ,,,. Then

T e ‘/1,77,1(-“/2,77,2 = (‘/1,17,1 N ‘/Q,ng N Xl)u(‘/l,nl N ‘/2,712 N XZ) = (Ul,nl N ‘/Q,nQ)U(Vl,nl N UQ,ng) cU

Therefore the open subsets U; ,, N X — X; and V; ,, N Vo, form a countable
base for X. 0

Exercise 38.6 Let X be completely regular. Show that X is connected if and
only if the Stone-Cech compactification of X is connected.

Proof. The closure of a connected set is connected, so if X is connected so is
B(X) Suppose X is the union of disjoint open subsets U,V C X. Define the

continuous map
f:X—={0,1}

0, z€U
T
1, z€eV
By the fact that {0, 1} is compact and Hausdorff we can extend f to a surjective

map f : B(X) — {0,1} such that f~1({0}) and f~'({1}) are disjoint open sets
that cover 8(X), which makes this space not-connected. O

Exercise 43.2 Let (X,dx) and (Y, dy) be metric spaces; let Y be complete.
Let A C X. Show that if f: A — Y is uniformly continuous, then f can
be uniquely extended to a continuous function g: A — Y, and g is uniformly
continuous.
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