Exercises from
A Classical Introduction to Modern
Number Theory
by Kenneth Ireland and Michael Rosen

Exercise 1.27 For all odd n show that 8 | n? — 1.

Proof. We have n> —1 = (n + 1)(n — 1). Since n is odd, both n + 1,n — 1
are even, and moreso, one of these must be divisible by 4 ;| as one of the two
consecutive odd numbers is divisible by 4 . Thus, their product is divisible by 8
. Similarly, if 3 does not divide n, it must divide one of n — 1,n + 1, otherwise
it wouldn’t divide three consecutive integers, which is impossible. As n is odd,
n+1is even, so (n+ 1)(n — 1) is divisible by both 2 and 3 , so it is divisible by
6 . O

Exercise 1.30 Prove that % + % 4+ % is not an integer.

Proof. Let 2° be the largest power of 2 occuring as a denominator in H,, say
2 =k<n Write H, = 5+(1+1/2+...+1/(k—1)+1/(k+1)+ ...+ 1/n.
The sum in parentheses can be written as 1/2°71 times sum of fractions with
odd denominators, so the denominator of the sum in parentheses will not be
divisible by 2°, but it must equal 2° by Ex 1.29. O

Exercise 1.31 Show that 2 is divisible by (1 +4)? in Z[i].
Proof. We have (1+14)2=1+2i —1=2i, s0 2= —i(1+1i)%. O

Exercise 2.4 If a is a nonzero integer, then for n > m show that (azn +1,a%" + 1)

1 or 2 depending on whether a is odd or even.

Proof.

Ordp”!:Z{ZJSZZ:n i;: .

k1 LP i1 P pl—3 p-1

The decomposition of n! in prime factors is
n! = pi'p3? .- pp* where a; = ord,, n! < piL_l, andp; <n, i=1,2,--- k.
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(the values of p in this product describe all prime numbers p < n.) O

Exercise 2.21 Define A(n) = logp if n is a power of p and zero otherwise.
Prove that } 4, n(n/d)logd = A(n).

Proof.
An) = logp if n=p* aeN*
= 0 otherwise.

Let n = p{* -+ py"* the decomposition of n in prime factors. As A(d) = 0 for all
divisors of n, except for d = p;,i >0,7=1,...t

SNy =D AE) + -+ Z/\(pi)
i=1 i=1

d|n
=ailogpy + -+ aglogpy

=logn
By Mobius Inversion Theorem,
n
A(n) = Zu (E) log d.
d|n

O

Exercise 2.27a Show that Z' 1/n, the sum being over square free integers,
diverges.

Proof. Let S C N* the set of square free integers.
Let N € N*. Every integer n, 1 <n < N can be written as n = ab?, where
a, b are integers and a is square free. Then 1 <a < N,and 1 <b <+ N, so

1 1 1 =1 2 1
o< X X mc X Xpth 2o

n<N acS,a<N 1<p< /N a€eS,a<N b=1 aeS,a<N

So



As S L diverges, lim L — 40, so the family (L
Zn:1n verg N_HX’a,ES,ZaSNG + y(a)a
of square free integers is not summable.

Let Sy = Hp<N(1 +1/p) , and p1,p2,...,pr (I = I(N)) all prime integers

less than N. Then
1 1
= (1) (101
b1 pi

1
- Z P

(g1, ,e)€{0,1}

cs of the inverse

We prove this last formula by induction. This is true for [ =1 : 286{071} 1/p5 =

1 + 1/p1.
If it is true for the integer [, then
% (1 + 1)
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So it is true for all .
Thus Sy =, ca %,

factors are less than V.
As > 1/n, the sum being over square free integers, diverges, Nlim Sy = 400
—00

1
lim (1 + ) = +o00.
N—oo P

e* > 1+ x,2>log(l+x) for x > 0, so

where A is the set of square free integers whose prime

L(N) UN)

log Sy = Zlog <1+plk> < Zi

k=1 k=1 Pk
lim log Sy = 400 and lim I(N) = +o0, so
N—o0 N—o00

lim - =+400.

N—o0
p<Np

O

Exercise 3.1 Show that there are infinitely many primes congruent to —1
modulo 6 .



Proof. Let n any integer such that n > 3, and N =n!—1=2x3x---xn—1 > 1.

Then N = —1 (mod 6). As 6k+2,6k+3, 6k+4 are composite for all integers
k, every prime factor of N is congruent to 1 or —1 modulo 6. If every prime
factor of N was congruent to 1, then N =1 (mod 6) : this is a contradiction
because —1 # 1 (mod 6). So there exists a prime factor p of N such that p = —1
(mod 6).

If p<n,thenp|n!l, and p| N =n!—1,s0 p| 1. Asp is prime, this is a
contradiction, so p > n.

Conclusion :
for any integer n, there exists a prime p > n such that p = —1 (mod 6) :
there are infinitely many primes congruent to —1 modulo 6. O

Exercise 3.4 Show that the equation 322 +2 = y? has no solution in integers.

Proof. 1f 322 + 2 = y?, then °> = 2 in Z/3Z.

As {—1,0,1} is a complete set of residues modulo 3, the squares in Z/3Z are
0=0andI=1 = (—=1)2, so 2 is not a square in Z/3Z : 5> = 2 is impossible
in Z/3Z.

Thus 322 + 2 = 32 has no solution in integers. O

Exercise 3.5 Show that the equation 723+ 2 = 33 has no solution in integers.

Proof. If 72?2 +2 =y3, 2,y € Z, then y> =2 (mod 7) (so y # 0 (mod 7))
From Fermat’s Little Theorem, % = 1 (mod 7), so 22 = 4% = 1 (mod 7),

which implies 7 | 22 — 1 = 3 : this is a contradiction. Thus the equation

722 4+ 2 = 3 has no solution in integers. O

Exercise 3.10 If n is not a prime, show that (n — 1)! = 0(n), except when
n = 4.

Proof. Suppose that n > 1 is not a prime. Then n = uv, where 2 < u < v <
n— 1.

elfuv, thenn=w|(n—1)=1x2Xx -+ Xux--Xvx-X(n—1)
(even if u Av #11).

o If u = v, n = u? is a square.

If w is not prime, u = st, 2<s<t<wu—1<n-1, and n = v/v’, where
u = s,0v" = st? verify 2 <o’ < v’ <n—1. Asin the first case, n = u'v' | (n—1)!.

If w = p is a prime, then n = p?.

Inthecasep=2,n=4andn =41 (n—1)! = 6. In the other case p > 2, and
(n—1)! = (p®>—1)! contains the factors p < 2p < p?, so p? | (p> = 1), n | (n—1).

Conclusion : if nis not a prime, (n—1)! =0 (mod n), except whenn =4. O



Exercise 3.14 Let p and ¢ be distinct odd primes such that p — 1 divides
q— 1. If (n, pq) = 1, show that n9=1 = 1(pq).

Proof. AsnApg=1,nAp=1,nAq=1, so from Fermat’s Little Theorem
ni~'=1 (mod q), nP~'=1 (mod p).
p—1|q—1, so there exists k € Z such that ¢ — 1 = k(p — 1). Thus
ni™t = @P H* =1 (mod p).
p|ni=t—1,q|n"t —1,and pAqg=1,s0pg|ni~t —1:
ni~' =1 (mod pq).
O
Exercise 3.18 Let N be the number of solutions to f(z) = 0(n) and N; be
the number of solutions to f(x) =0 (p;*). Prove that N = N1 N3 --- N;.

Proof. Note [z],, the class of x modulo n. Let S the set of solutions in Z/nZ of
f(Z) =0, and S; the set of solutions in Z/p*Z of f(z) = 0.
(We designate with the same letter the polynomial f in Z[z] or its reduction

in Z/nZ[x).)
Let
. S — S1 X Sy x - xSy
e:{ b o ({2l 2] 2] o0)

o ¢ is well defined : if z = 2’ (mod n), then z = 2’ (mod p}*), i =
1,2, t, 80 ([z]por, [2] e, o 2] o) = ([x/]pfl 2 ez, :E/]p?t). Moreover,
we proved in Ex 3.17 that [z], € S = [x]p?i € S;.

* ¢ is injective ¢ if ([z] o1, [x] o2, ., ] poe) = ([2] o1, [2"] oo, o [27] e ),
then p{* |2’ —z, i=1,2,...,¢,s0 n | 2’ —z and [x],, = [2'],.

* i is surjective : if y = ([z1] o1, [B2] 22, .., [x4] 00 ) is any element of Sy x
So x -+ x Sy, there exists from Chinese remainder theorem x € Z such that

z =z; (mod p"). Then ¢([z],) =y (see Ex. 3.17).
In conclusion, a ¢ is bijective, N = |S| = |S1 X Sa X - -+ X S¢| = Ny Ny - - - Ny.
O

Exercise 4.4 Consider a prime p of the form 4t41. Show that a is a primitive
root modulo p iff —a is a primitive root modulo p.

Proof. Suppose that a is a primitive root modulo p. As p—1is even, (—a)?~! =
a?P~! =1 (modp) If (—a)™ = 1(modp), with n € N, then a™ = (—1)"(modp).
Therefore a?™ = 1(modp). As a is a primitive root modulo p,p — 1|2n, 2t|n, so
n is even.

Hence a™ = 1( mod p), and p—1 | n. So the least n € N* such that (—a)” =1
(mod p) is p—1 : the order of —a modulo p is p—1, —a is a primitive root modulo
p. Conversely, if —a is a primitive root modulo p, we apply the previous result
at —a to to obtain that —(—a) = a is a primitive root. O



Exercise 4.5 Consider a prime p of the form 4¢+3. Show that a is a primitive
root modulo p iff —a has order (p —1)/2.

Proof. Let a a primitive root modulo p. Asa?~! = 1( mod p),p | (a(p_l)/2 -1) (a(f’_l)/2 +1),
sop | a? D2 _1orp|aP /241 As ais a primitive root modulo
p,a~1/2 £ 1(modp), so

aP~V/2 = _1  (modp).

Hence (—a)P~1/2 = (=1)#+1qP=1/2 = (—1) x (=1) = 1(modp). Suppose
that (—a)" = 1(modp), with n € N. Then a¢*" = (—a)?" = 1(modp), so p —
1 |2n, %f n. So —a has order (p — 1)/2 modulo p. Conversely, suppose that
—a has order (p —1)/2 = 2t + 1 modulo p. Let 2, py,...px the prime factors of
p — 1, where p; are odd. a(P~1)/2 = g2+l = —(—g)?*! = —(—q)P~D/2 = 1,
so aP~1/2 £ 1(mod2). As p — 1 is even, (p — 1)/p; is even, so aP~D/Pi =
(—a)®=1/Pi 2 1(modp)( since —a has order p — 1). So the order of a is p — 1
(see Ex. 4.8) : a is a primitive root modulo p. O

Exercise 4.6 If p =2" 41 is a Fermat prime, show that 3 is a primitive root
modulo p.

Proof. Write p = 2% 4+ 1, with k = 2.
We suppose that n > 0, so k > 2,p > 5. As p is prime, 3" =1 (mod p).
In other words, 32 =1 (mod p) : the order of 3 is a divisor of 2%, a power
of 2.

3 has order 2¢ modulo p iff 32°" # 1 (mod p). As (32’%1)2 =1 (mod p),
where p is prime, this is equivalent to 327 = (mod p), which remains to
prove.

327 = 3-1/2 = (%) (mod p).

As the result is true for p = 5, we can suppose n > 2. From the law of
quadratic reciprocity :

() - oo

~1)2" +1 (mod 3)

p=2"+1=(
2=-1 (mod 3),

so (2) = (8) = —1, that is to say

327 = (mod p).

The order of 3 modulo p = 22" 4+ 1is p—1 =2%" : 3 is a primitive root modulo
p.



(On the other hand, if 3 is of order p — 1 modulo p, then p is prime, so

n_
92" —1

F, =2%" +1is prime <= 3-1/2-3 =-1 (mod F,).)

O

Exercise 4.8 Let p be an odd prime. Show that a is a primitive root modulo
p iff aP=1/4 2 1(p) for all prime divisors ¢ of p — 1.

Proof. e If a is a primitive root, then a® # 1 for all k,1 < k < p — 1, so
a?=D/4 £ 1 (mod p) for all prime divisors q of p — 1.

e In the other direction, suppose a®~1)/7 # 1 (mod p) for all prime divisors
qof p—1.

Let ¢ the order of a, and p — 1 = ¢7"¢5? - - - ¢i* the decomposition of p — 1
in prime factors. As d | p—1,0 = qll’lplz72 ~~~qzk, with b; < a;,i=1,2,...,k. If
b; < a; for some index i, then § | (p — 1)/q;, so aP~V/% =1 (mod p), which is
in contradiction with the hypothesis. Thus b; = a; for allé,and d =¢—1: a
is a primitive root modulo p. O

Exercise 4.11 Prove that 1¥ +2¢+... 4+ (p—1)* = 0(p) if p— 1t k and —1(p)
ifp—1]k.

Proof. Let Sy = 1% +2F ... 4 (p — 1)k,
Let g a primitive root modulo p : g a generator of Fj.
As (1,9,9%,...,9°2) is a permutation of (1,2,...,p — 1),

S =T"+2" 4. 4p—1"
_p_kai_ z(yf)k:ff if p—1|k
P 9?7_1*1:0 if p—11k

sincep—1|k < gF=1
Conclusion :
P4+2f 4 4 (p—1F=0 (modp)ifp—11k
2k (p—1)*=—-1 (modp)ifp—1]k

O

Exercise 5.13 Show that any prime divisor of 2* — 22 + 1 is congruent to 1
modulo 12 .

Proof. @ Asa® +1=(a? +1)(a* —a®+1),p|a* —a®+1 implies p | a® + 1, so
(_71) =1land p=1 (mod 4).
op|4a* —4a® +4=(2a—1)%+3, s0 (*73):1.



As =3 =1 (mod 4), (_?3) = (), s0 (§) =1, thus p=1 (mod 3).

3
4|p—land 3|p—1,thus12|p—1:

p=1 (mod 12).
O
Exercise 5.28 Show that 2% = 2(p) has a solution for p = 1(4) iff p is of the
form A% + 64B2.

Proof. If p =1 [4] and if there exists z € Z such that z* = 2 [p], then

¥

o =Pl =1 [p].
From Ex. 5.27, where p = a? + b2, a odd, we know that
1Y = of =1 [p].

Since f2 = —1 [p], the order of f modulo p is 4, thus 4| 2, so 8 | ab.
As a is odd, 8|b, then p = A2 + 64B? (with A = a, B = b/8).

Conversely, if p = A2 4+ 64B2, then p= A% =1 [4].
Let a = A,b =8B. Then

2T = f¥ = pUAP = (—1)2B =1 ]p).

As 2" =1 [p], z* = 2 [p| has a solution in Z (Prop. 4.2.1) : 2 is a
biquadratic residue modulo p.
Conclusion :

JA€Z,IAB€Z,p=A?+64B? < (p=1[4] and Iz € Z, 2* = 2 [p]).
O

Exercise 5.37 Show that if a is negative then p = ¢(4a)togetherwithp Ja
imply (a/p) = (a/q).

Proof. Write a = —A, A > 0. As p = ¢ (mod 4a), we know from Prop. 5.3.3.
(b) that (A/p) = (A/q).

Moreover,
(- (-
(- ()

As p=gq (mod 4a), p = q+ 4dak,k € Z, so
(=1)P=1/2 = (_1)latdak=1)/2 _ (_1)(a-1)/2

b

so (a/p) = (a/q)- O



Exercise 12.12 Show that sin(r/12) is an algebraic number.
Proof.

sin7/12 = sin (7 /4 — w/6) = sinw/4 cos /6 — cos7/4sin7/6
G
22 22
V3 —1
22

Exercise 18.1 Show that 16522 — 21y? = 19 has no integral solution.

Exercise 18.4 Show that 1729 is the smallest positive integer expressible as
the sum of two different integral cubes in two ways.

Proof. Let n = a® + b3, and suppose that ged(a,b) = 1. If a prime p | a3 + b3,
then .
(abil) =, -1

Thus 3 | pT_l, that is, p =¢ 1. If we have n = a® + b® = ¢ + d°, then we can

factor n as
n=(a+b)(a®—ab+b?)

n=(c+d)(c—cd+d?)

Thus we need n to have atleast 3 disctinct prime factors, and so the smallest
taxicab number is on the form

n = (6k+1)(12k + 1)(18k + 1)



