Exercises from
Abstract Algebra
by David Dummit and Richard Foote

Exercise 1.1.2a Prove the the operation x on Z defined by a xb = a — b is
not commutative.

Proof. Not commutative since

O

Exercise 1.1.3 Prove that the addition of residue classes Z/nZ is associative.

Proof. We have

since integer addition is associative. O

Exercise 1.1.4 Prove that the multiplication of residue class Z/nZ is asso-
ciative.

Proof. We have

(@-b)-¢=a-b-¢
=(a-b)-c
=a-(b-c)
=a-b-c
=a- (5 - ©)
since integer multiplication is associative. O



Exercise 1.1.5 Prove that for all n > 1 that Z/nZ is not a group under
multiplication of residue classes.

Proof. Note that since n > 1,1 # 0. Now suppose Z/(n) contains a multiplica-
tive identity element €. Then in particular,

e-1=1
so that € = 1. Note, however, that

0-k=0
for all k, so that 0 does not have a multiplicative inverse. Hence Z/(n) is not a
group under multiplication. O
Exercise 1.1.15 Prove that (ajaz...a,) ! = a;la;il e (11_1 forall ay,as,...,a, €
G.

Proof. For n = 1, note that for all a; € G we have a;* = a]'. Now for n > 2
we proceed by induction on n. For the base case, note that for all a;,a0 € G
we have
(a1-a2) ' =ay" ar!
since
ap-as- a;lafl =1

For the inductive step, suppose that for some n > 2, for all a; € G we have

(al'..uan)*l:a;l ayt
Then given some a,4+1 € G, we have
(0,1 R ¢ 7 an+1)_1 = ((a1 et an) . G,n+1)_1
= a;l_l “(ay - ... ~an)71
:a;}rl ~a;1-...~af1,
using associativity and the base case where necessary. O

Exercise 1.1.16 Let x be an element of G. Prove that 22 = 1 if and only if
|| is either 1 or 2.

Proof. (=) Suppose 22 = 1. Then we have 0 < |z| < 2, i.e., || is either 1 or 2
. (<) If |z| = 1, then we have x = 1 so that 2% = 1. If |z| = 2 then 2% = 1 by
definition. So if |z| is 1 or 2 , we have 2% = 1. O

Exercise 1.1.17 Let x be an element of G. Prove that if |x| = n for some
positive integer n then = = z»~ 1.

Proof. We have x - 2"~ ! = 2™ = 1, so by the uniqueness of inverses z~! =

xn—l' ]



Exercise 1.1.18 Let x and y be elements of G. Prove that zy = yz if and
only if y~tzy = z if and only if 27ty lzy = 1.

gy = y~lyr = 1o = z. Multiplying by 2! then

Proof. If xy = yx, then y~
gives z 7ty lxy = 1.

On the other hand, if 27!y~ 'zy = 1, then we may multiply on the left
by z to get ¥y 'zy = x. Then multiplying on the left by y gives zy = yx as
desired. O

Exercise 1.1.20 For z an element in G show that z and z~! have the same
order.

Proof. Recall that the order of a group element is either a positive integer or
infinity. Suppose |z| is infinite and that }a:_1’ = n for some n. Then

" =g (D = ((x_l)n)_l =1"'=1,

a contradiction. So if |z| is infinite, x_l‘ must also be infinite. Likewise, if

|z~ is infinite, then ‘(1*1)71‘ = |z| is also infinite. Suppose now that |z| = n

and |x_1‘ = m are both finite. Then we have

(z)'=@) " =1"=1,

so that m < n. Likewise, n < m. Hence m = n and = and z~! have the same
order. =

Exercise 1.1.22a If z and g are elements of the group G, prove that |z| =
-1
lg~ zgl.

Proof. First we prove a technical lemma:

Lemma. For all a,b € G and n € Z, (b’lab)n = b~ !a"b. The statement is
clear for n = 0. We prove the case n > 0 by induction; the base case n = 1 is
clear. Now suppose (b‘lab)n = b~ la™b for some n > 1; then

(b~ ab)" " = (b~"ab) (b~ 'ab)" = b~ labb " a"b = b~ a"H1b.

By induction the statement holds for all positive n. Now suppose n < 0; we
have

(b"'ab)" = ((b‘lab)fn)il = (b"'a""b) " =btam.

Hence, the statement holds for all integers n. Now to the main result. Suppose
first that |x| is infinity and that | g_lxg’ = n for some positive integer n. Then

we have
1

(97 'wg)" =g ta"g =



and multiplying on the left by g and on the right by ¢—! gives us that 2" = 1,
a contradiction. Thus if || is infinity, so is |9~ zg|. Similarly, if [g~'zg| is
infinite and |z| = n, we have

(97ag)" =g ta"g=g""g=1,

a contradiction. Hence if [g~*
and |g*1xg| = m for some positive integers n and m. We have

xg| is infinite, so is [z|. Suppose now that |z| = n

(97 2g)" =g la"g=g g =1,
So that m < n, and
— m —
(97 'zg)" =g lamg =1,
so that ™ =1 and n < m. Thus n = m. O

Exercise 1.1.22b  Deduce that |ab| = |ba| for all a,b € G.

Proof. Let a and b be arbitrary group elements. Letting x = ab and g = a, we
see that

lab|] = |a™ " aba| = |bal.
O
Exercise 1.1.25 Prove that if 22 = 1 for all z € G then G is abelian.
Proof. Solution: Note that since 22 = 1 for all z € G, we have x=! = 2. Now
let a,b € G. We have
ab= (ab)™t =b"ta™! = ba.
Thus G is abelian. O

Exercise 1.1.29 Prove that A x B is an abelian group if and only if both A
and B are abelian.

Proof. (=) Suppose a1,as € A and by, by € B. Then
(ala2,blb2) = (alabl) : (Gzabz) = (a2,b2) : (a1,b1) = (azal,b2b1)~

Since two pairs are equal precisely when their corresponding entries are equal,
we have ajas = asay and bibs = boby. Hence A and B are abelian. (<) Suppose
(a1,b1),(az2,b2) € A x B. Then we have

(alabl) : (a27b2) = (a1a27b1b2) = (a2a1,bzbl) = (02,52) . (ahbl)-

Hence A x B is abelian. O



Exercise 1.1.34 If z is an element of infinite order in G, prove that the
elements ™, n € Z are all distinct.

Proof. Solution: Suppose to the contrary that 2% = x® for some 0 < a < b <
n — 1. Then we have z*~% = 1, with 1 < b — a < n. However, recall that n is
by definition the least integer k such that z* = 1, so we have a contradiction.
Thus all the 2%, 0 < i < n — 1, are distinct. In particular, we have

{z'|0<i<n-1}CQG,

so that |z| = n < |G| O
Exercise 1.3.8 Prove that if 2 = {1,2,3,...} then Sq is an infinite group

Exercise 1.6.4 Prove that the multiplicative groups R — {0} and C — {0} are
not isomorphic.

Proof. Isomorphic groups necessarily have the same number of elements of order
n for all finite n.

Now let x € R*. If x = 1 then |z| =1, and if z = —1 then |z| = 2. If (with
bars denoting absolute value) |z| < 1, then we have

1>z > |2? >,

and in particular, 1 > |z"| for all n. So x has infinite order in R*. Similarly, if
|z| > 1 (absolute value) then x has infinite order in R*. So R*has 1 element of
order 1,1 element of order 2 , and all other elements have infinite order. In C*,
on the other hand, i has order 4 . Thus R*and C*are not isomorphic. O

Exercise 1.6.11 Let A and B be groups. Prove that A x B~ B x A.

Proof. We know from set theory that the mapping ¢ : A x B — B x A given
by ¢((a,b)) = (b,a) is a bijection with inverse ¢ : B x A — A x B given by
¥((b,a)) = (a,b). Also ¢ is a homomorphism, as we show below. Let aj,as € A
and by,by € B. Then

¢ ((a1,b1) - (az,b2)) = ¢ ((araz, bibs))
= (ble,alaz)
= (b1, a1) - (b2, a2)
= ¢ ((a1,b1)) - ¢ ((az, b2))

Hence A x B = B x A. O



Exercise 1.6.17 Let G be any group. Prove that the map from G to itself
defined by g — ¢! is a homomorphism if and only if G is abelian.

Proof. (=) Suppose G is abelian. Then
p(ab) = (ab) ™t =b"ta"t = a7 b7 = p(a)p(b),

so that ¢ is a homomorphism. (<) Suppose ¢ is a homomorphism, and let
a,b € G. Then

ab = (17_161_1)71 = (b_la_l) = (b_l) %) (a_l) = (19_1)71 (a_1)71 = ba,

so that GG is abelian. O

Exercise 1.6.23 Let G be a finite group which possesses an automorphism o
such that o(g) = g if and only if g = 1. If 02 is the identity map from G to G,
prove that G is abelian.

Proof. Solution: We define a mapping f : G — G by f(z) = 2~ 'o(x). Claim:
f is injective. Proof of claim: Suppose f(z) = f(y). Then y~lo(y) = 2~ o (),
so that zy~! = o(x)o (y~!), and zy~' = o (zy~'). Then we have zy~! =1,
hence x = y. So f is injective.

Since G is finite and f is injective, f is also surjective. Then every z € G is
of the form z~1o(z) for some z. Now let z € G with z = 27 'o(z). We have

o(2) =0 (z7'o(z)) =0o(2) a = (xila(x))_l =z 5
Thus o is in fact the inversion mapping, and we assumed that ¢ is a homomor-
phism. By a previous example, then, G is abelian. O

Exercise 2.1.5 Prove that G cannot have a subgroup H with |H| = n — 1,
where n = |G| > 2.

Proof. Solution: Under these conditions, there exists a nonidentity element = €
H and an element y ¢ H. Consider the product xy. If zy € H, then since
x71 € H and H is a subgroup, y € H, a contradiction. If xy ¢ H, then we have
xy =y. Thus x = 1, a contradiction. Thus no such subgroup exists. O

Exercise 2.1.13 Let H be a subgroup of the additive group of rational num-
bers with the property that 1/2 € H for every nonzero element = of H. Prove
that H =0 or Q.

Proof. Solution: First, suppose there does not exist a nonzero element in H.
Then H = 0. Now suppose there does exist a nonzero element a € H; without
loss of generality, say a = p/q in lowest terms for some integers p and ¢ - that
is, ged(p,q) = 1. Now ¢ - % = p € H, and since ¢/p € H, we have p - % € H.
There exist integers z,y such that gx + py = 1; note that gz € H and py € H,
so that 1 € H. Thus n € H for all n € Z. Moreover, if n # 0,1/n € H. Then
m/n € H for all integers m,n with n # 0; hence H = Q. O



Exercise 2.4.4 Prove that if H is a subgroup of G then H is generated by
the set H — {1}.

Proof. It H = {1} then H — {1} is the empty set which indeed generates the
trivial subgroup H. So suppose |H| > 1 and pick a nonidentity element h € H.
Since 1 = hh~! € (H — {1}) (Proposition 9), we see that H < (H — {1}). By
minimality of (H — {1}), the reverse inclusion also holds so that (H — {1}) =
H. O

Exercise 2.4.16a A subgroup M of a group G is called a maximal subgroup
if M # G and the only subgroups of G which contain M are M and G. Prove
that if H is a proper subgroup of the finite group G then there is a maximal
subgroup of G containing H.

Proof. If H is maximal, then we are done. If H is not maximal, then there is a
subgroup K; of G such that H < K; < G. If K; is maximal, we are done. But
if K7 is not maximal, there is a subgroup K> with H < K1 < Ko < G. If Ky
is maximal, we are done, and if not, keep repeating the procedure. Since G is
finite, this process must eventually come to an end, so that K, is maximal for
some positive integer n. Then K, is a maximal subgroup containing H. U

Exercise 2.4.16b Show that the subgroup of all rotations in a dihedral group
is a maximal subgroup.

Proof. Fix a positive integer n > 1 and let H < Da,, consist of the rotations
of Dsg,. That is, H = (r). Now, this subgroup is proper since it does not
contain s. If H is not maximal, then by the previous proof we know there is
a maximal subset K containing H. Then K must contain a reflection sr* for
k € {0,1,...,n — 1}. Then since sr* € K and r"~* € K, it follows by closure
that

s = (srk) (r”_k) e K.

But Ds,, = (r, s), so this shows that K = Dy, which is a contradiction. There-
fore H must be maximal. O

Exercise 2.4.16¢c Show that if G = () is a cyclic group of order n > 1 then
a subgroup H is maximal if and only H = (aP) for some prime p dividing n.

Proof. Suppose H is a maximal subgroup of G. Then H is cyclic, and we may
write H = <xk> for some integer k, with k& > 1. Let d = (n,k). Since H is a
proper subgroup, we know by Proposition 6 that d > 1. Choose a prime factor
pofd. If k=p=dthen k| n as required.

If, however, k is not prime, then consider the subgroup K = (zP). Since p is
a proper divisor of k, it follows that H < K. But H is maximal, so we must have
K = G. Again by Proposition 6 , we must then have (p,n) = 1. However, p
divides d which divides n, sop | n and (p,n) = p > 1, a contradiction. Therefore
k = p and the left-to-right implication holds. Now, for the converse, suppose



H = (2?) for p a prime dividing n. If H is not maximal then the first part of
this exercise shows that there is a maximal subgroup K containing H. Then
K = (z7). So z? € (x?), which implies ¢ | p. But the only divisors of p are 1 and
p. If g =1 then K = G and K cannot be a proper subgroup, and if ¢ = p then
H = K and H cannot be a proper subgroup of K. This contradiction shows
that H is maximal. O

Exercise 3.1.3a Let A be an abelian group and let B be a subgroup of A.
Prove that A/B is abelian.

Proof. Lemma: Let G be a group. If |G| = 2, then G = Z,. Proof: Since
G = {ea} has an identity element, say e, we know that ee = e,ea = a, and
ae = a. If a®> = a, we have a = e, a contradiction. Thus a? = e. We can easily
see that G = 7.

If A is abelian, every subgroup of A is normal; in particular, B is normal, so
A/B is a group. Now let xB,yB € A/B. Then

(zB)(yB) = (zy)B = (yz)B = (yB)(zB).

Hence A/B is abelian. O

Exercise 3.1.22a Prove that if H and K are normal subgroups of a group G
then their intersection H N K is also a normal subgroup of G.

Proof. Suppose H and K are normal subgroups of G. We already know that
HNK is asubgroup of G, so we need to show that it is normal. Choose any g € G
and any * € HN K. Since x € H and H <G, we know gxg~ ' € H. Likewise,
since z € K and K < G, we have grg~! € K. Therefore grg~! € HN K.
This shows that g(H N K)g~! € H N K, and this is true for all ¢ € G. By
Theorem 6 (5) (which we will prove in Exercise 3.1.25), this is enough to show
that HN K 9G. O

Exercise 3.1.22b Prove that the intersection of an arbitrary nonempty col-
lection of normal subgroups of a group is a normal subgroup (do not assume
the collection is countable).

Exercise 3.2.8 Prove that if H and K are finite subgroups of G whose orders
are relatively prime then H N K = 1.

Proof. Solution: Let |H| = p and |K| = q. We saw in a previous exercise that
H N K is a subgroup of both H and K; by Lagrange’s Theorem, then, |H N K|
divides p and ¢. Since ged(p,q) =1, then, [ HNK|=1. Thus HNK =1. O



Exercise 3.2.11 Let H < K < G. Prove that |G: H|=|G: K|-|K : H| (do
not assume G is finite).

Proof. Proof. Let G be a group and let I be a nonempty set of indices, not
necessarily countable. Consider the collection of subgroups {N, | a € I'}, where
N, <G for each o € I. Let

N = (] N

a€el

We know N is a subgroup of G. For any ¢ € G and any n € N, we must
have n € N, for each o. And since N, < G, we have gng~' € N, for each a.
Therefore gng~! € N, which shows that gNg—! C N for each g € G. As before,
this is enough to complete the proof. O

Exercise 3.2.16 Use Lagrange’s Theorem in the multiplicative group (Z/pZ)* to
prove Fermat’s Little Theorem: if p is a prime then a? = a(mod p) for all a € Z.

Proof. Solution: If p is prime, then ¢(p) = p — 1 (where ¢ denotes the Euler

totient). Thus
| (Z/@)* |=p— 1L

So for all @ € (Z/(p))*, we have |a| divides p — 1. Hence

a=1-a=a’"ta=a? (modp).

Exercise 3.2.21a Prove that Q has no proper subgroups of finite index.

Proof. Solution: We begin with a lemma. Lemma: If D is a divisible abelian
group, then no proper subgroup of D has finite index. Proof: We saw previ-
ously that no finite group is divisible and that every proper quotient D/A of
a divisible group is divisible; thus no proper quotient of a divisible group is
finite. Equivalently, [D : A] is not finite. Because Q and Q/Z are divisible, the
conclusion follows. O

Exercise 3.3.3 Prove that if H is a normal subgroup of G of prime index p
then for all K < G either K < H,or G = HK and |[K : KN H|=p.

Proof. Solution: Suppose K\N # §); say k € K\N. Now G/N = 7Z/(p) is cyclic,
and moreover is generated by any nonidentity- in particular by k

Now KN < G since N is normal. Let g € G. We have gN = k*N for some
integer a. In particular, g = k%n for some n € N, hence g € KN. We have
[K : KN N] =p by the Second Isomorphism Theorem. O



Exercise 3.4.1 Prove that if G is an abelian simple group then G = Z,, for
some prime p (do not assume G is a finite group).

Proof. Solution: Let G be an abelian simple group. Suppose G is infinite. If
x € G is a nonidentity element of finite order, then (z) < G is a nontrivial
normal subgroup, hence G is not simple. If x € G is an element of infinite
order, then <x2> is a nontrivial normal subgroup, so G is not simple.

Suppose G is finite; say |G| = n. If n is composite, say n = pm for some
prime p with m # 1, then by Cauchy’s Theorem G contains an element z of
order p and (z) is a nontrivial normal subgroup. Hence G is not simple. Thus
if G is an abelian simple group, then |G| = p is prime. We saw previously that
the only such group up to isomorphism is Z/(p), so that G = Z/(p). Moreover,
these groups are indeed simple. O

Exercise 3.4.4 Use Cauchy’s Theorem and induction to show that a finite
abelian group has a subgroup of order n for each positive divisor n of its order.

Proof. Let G be a finite abelian group. We use induction on |G|. Certainly the
result holds for the trivial group. And if |G| = p for some prime p, then the
positive divisors of |G| are 1 and p and the result is again trivial.

Now assume that the statement is true for all groups of order strictly smaller
than |G|, and let n be a positive divisor of |G| with n > 1. First, if n is prime
then Cauchy’s Theorem allows us to find an element x € G having order n.
Then (x) is the desired subgroup. On the other hand, if n is not prime, then
n has a prime divisor p, so that n = kp for some integer k. Cauchy’s Theorem
allows us to find an element x having order p. Set N = (z). By Lagrange’s

Theorem,
o =19 <
IN|
Now, by the inductive hypothesis, the group G/N must have a subgroup of
order k. And by the Lattice Isomorphism Theorem, this subgroup has the form
H/N for some subgroup H of G. Then |H| = k|N| = kp = n, so that H has

order n. This completes the inductive step. U

Exercise 3.4.5a Prove that subgroups of a solvable group are solvable.

Proof. Let G be a solvable group and let H < G. Since G is solvable, we may
find a chain of subgroups

1=Gp 4G 4G, 4---1G, =G
so that each quotient G;41/G; is abelian. For each 4, define
H,=G;NnH, 0<i<n.

Then H; < H;41 for each i. Moreover, if g € H; 11 and « € H;, then in particular
g € G;41 and = € Gy, so that
grg~" € G,

10



because G; < G;41. But g and x also belong to H, so
grg~" € Hy,
which shows that H; < H; 1 for each i. Next, note that
Hi=G;NnH=(G,NGj41)NH=G;NH; ;1.
By the Second Isomorphism Theorem, we then have
Hip/Hi=Hip1/ (Hit1NGy) = Hi1Gi/Gi < Giy1 /G
Since H;y1/H; is isomorphic to a subgroup of the abelian group G;11/G;, it

follows that H;y1/H; is also abelian. This completes the proof that H is solvable.
O

Exercise 3.4.5b Prove that quotient groups of a solvable group are solvable.
Proof. Next, note that
H=G;NnH=(G;,NGj41)NH=G;NH; ;1.
By the Second Isomorphism Theorem, we then have
Hipy1/Hi = Hiy1/ (Hia NG;) 2 Hi1Gi/Gi < Giya /G
Since H;y1/H; is isomorphic to a subgroup of the abelian group G;11/G;, it
follows that H;y1/H; is also abelian. This completes the proof that H is solvable.
Next, let NV < G. For each ¢, define
N;=G;N, 0<i<n.

Now let g € N; 11, where g = gong with go € G;41 and ng € N. Also let = € N;,
where x = giny with g1 € G; and n; € N. Then

grg~" = gonogining gy
Now, since N is normal in G, Ng = gN, so ngg; = gins for some ny, € N. Then
grg~" = gog (nznlngl) 9" = goginagy "

for some n3 € N. Then n3g0_1 = go_ln4 for some ny € N. And goglgo_1 € G;
since G; < G411, S0
979~ = gog1gy ma € N;.

This shows that N; < N,;;1. So by the Lattice Isomorphism Theorem, we have
N;11/N < N;/N. This shows that

1=Ng/NIN,/N<Ny/Nd---<N,/N =G/N.

11



Moreover, the Third Isomorphism Theorem says that
(Nit1/N) / (Ni/N) = N1 /N,
so the proof will be complete if we can show that N;,q1/N; is abelian. Let
T,y € N7+1/N1 Then
= (gono) N; and y=(g1n1)N;

for some gg, g1 € Giy+1 and ng,n; € N. We have

zyz 'y~ = (gono) (g1m1) (gon0) " (g1ma) ' N
= gonogiming gy 'ny tgr N

Since N 4G, gN = Ng for any g € G, so we can find ny € N such that

zyr~ty™! = gog195 g a2 Vi

Now N; = G;N = NG, since N <G (see Proposition 14 and its corollary).
Therefore
’I”LQNZ‘ = nQNGi = NGI = GIN

and we get
:Uymfly*l = goglgo_lgflGiN = G;N.

1

So zyr~ly~! = 1N; or 2y = yx. This completes the proof that G/N is solvable.

O

Exercise 3.4.11 Prove that if H is a nontrivial normal subgroup of the solv-
able group G then there is a nontrivial subgroup A of H with A <G and A
abelian.

Proof. Suppose H is a nontrivial normal subgroup of the solvable group G.
First, notice that H, being a subgroup of a solvable group, is itself solvable. By
exercise 8, H has a chain of subgroups

1<H <...<H

such that each H; is a normal subgroup of H itself and H;1/H; is abelian. But
then the first group in the series

Hi/1=H

is an abelian subgroup of H. O

Exercise 4.2.8 Prove that if H has finite index n then there is a normal
subgroup K of G with K < H and |G : K| < nl.

Proof. Solution: G acts on the cosets G/H by left multiplication. Let A : G —
Sa/m be the permutation representation induced by this action, and let K be the
kernel of the representation. Now K is normal in G, and K < stabg(H) = H.
By the First Isomorphism Theorem, we have an injective group homomorphism
A:G/K — Sg/u. Since }S(;/H|:n!, we have [G : K] < nl. O

12



Exercise 4.2.9a Prove that if p is a prime and G is a group of order p® for
some a € ZT, then every subgroup of index p is normal in G.

Proof. Solution: Let G be a group of order p* and H < G a subgroup with
[G : H] = p. Now G acts on the conjugates gHg~! by conjugation, since

9192 - H = (q192) H (9192) ' = o1 (92Hgs ") g7 = g1+ (92 H)

and 1- H = 1H1 = H. Moreover, under this action we have H < stab(H). By
Exercise 3.2.11, we have

[G : stab(H)|[stab(H) : H] =[G : H] = p,

aprime. If [G : stab(H)| = p, then [stab(H) : H] = 1 and we have H = stab(H);
moreover, 1 has exactly p conjugates in G. Let ¢ : G — S}, be the permutation
representation induced by the action of G on the conjugates of H, and let K
be the kernel of this representation. Now K < stab(H) = H. By the first
isomorphism theorem, the induced map ¢ : G/K — S, is injective, so that
|G/K| divides p !. Note, however, that |G/K]| is a power of p and that the only
powers of p that divide p ! are 1 and p. So [G : K]is 1 or p. If [G : K] = 1,
then G = K so that gHg~! = H for all g € G; then stab(H) = G and we
have [G : stab(H)] = 1, a contradiction. Now suppose [G : K| = p. Again by
Exercise 3.2.11 we have [G : K| = [G : H|[H : K], so that [H : K] = 1, hence
H = K. Again, this implies that H is normal so that gHg~! = H for all g € G,
and we have [G : stab(H)] = 1, a contradiction. Thus [G : stab(H)] # p If
[G : stab(H)] = 1, then G = stab(H). That is, gHg~! = H for all g € G; thus
H < @G is normal. O

Exercise 4.2.14 Let G be a finite group of composite order n with the prop-
erty that G has a subgroup of order k for each positive integer k dividing n.
Prove that G is not simple.

Proof. Solution: Let p be the smallest prime dividing n, and write n = pm.
Now G has a subgroup H of order m, and H has index p. Then H is normal in
G. O

Exercise 4.3.26 Let G be a transitive permutation group on the finite set A
with |A| > 1. Show that there is some o € G such that o(a) # a for all a € A.

Proof. Let G be a transitive permutation group on the finite set A, |A| > 1. We
want to find an element ¢ which doesn’t stabilize anything, that is, we want a
o such that

o ¢ G,

for all a € A. Since the group is transitive, there is always a ¢ € G such that
b= g-a. Let us see in what relationship the stabilizers of ¢ and b are. We find

Go={heG|h-b=1}
={heG|hg-a=g-a}
={heG|g 'hg-a=a}
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Putting b’ = g~ 'hg, we have h = gh’g~! and

Gy=g{W eH|W a=alg?
= gGag_l

By the above, the stabilizer subgroup of any element is conjugate to some other

stabilizer subgroup. Now, the stabilizer cannot be all of G (else {a} would be a

orbit). Thus it is a proper subgroup of G. By the previous exercise, we have

U G, = U gGag_l e

a€A geG

(the union of conjugates of a proper subgroup can never be all of G ). This
shows there is an element ¢ which is not in any stabilizer of any element of A.
Then o(a) # a for all a € A, as we wanted to show. O

Exercise 4.4.2 Prove that if G is an abelian group of order pq, where p and
q are distinct primes, then G is cyclic.

Proof. Let G be an abelian group of order pg. We need to prove that if p
and ¢ are distinct primes than G is cyclic. By Cauchy’s theorem there are
a,b € G with a of order p and b of order ¢. Since (|al,|b]) =1 and ab = ba then
|ab] = |a|- |b] = pq. Therefore ab is an element of order pq, the order of G, which
means G is cyclic. O

Exercise 4.4.6a Prove that characteristic subgroups are normal.

Proof. Let H be a characterestic subgroup of G. By definition a(H) C H for ev-
ery « € Aut(G). So, H is in particular invariant under the inner automorphism.
Let ¢4 denote the conjugation automorphism by g. Then ¢,(H) C H =
gHg™' C H. So, H is normal. O

Exercise 4.4.6b Prove that there exists a normal subgroup that is not char-
acteristic.

Proof. We have to produce a group G and a subgroup H such that H is normal
in G, but not characterestic. Consider the Klein’s four group G = {e, a, b, ab}.
This is an abelian group with each element having order 2. Consider H = {e, a}.
H is normal in G. Define o : G — G as o(a) = b,0(b) = a,o(ab) = ab. Clearly
o does not fix H. So, H is not characterestic. O

Exercise 4.4.7 If H is the unique subgroup of a given order in a group G
prove H is characteristic in G.

Proof. Let G be group and H be the unique subgroup of order n. Now, let
o € Aut(G). Now Clearly |0(G)| = n, because o is a one-one onto map.
But then as H is the only subgroup of order n, and because of the fact that
a automorphism maps subgroups to subgroups, we have o(H) = H for every
o € Aut(G). Hence, H is a characterestic subgroup of G. O
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Exercise 4.4.8a Let G be a group with subgroups H and K with H < K.
Prove that if H is characteristic in K and K is normal in G then H is normal

in G.

Proof. We prove that H is invariant under every inner automorphism of G.
Consider a inner automorphism ¢, of G. Now, ¢4|, is a automorphism of
K because K is normal in G. But H is a characterestic subgroup of K, so
¢gl (H) C H, so in general ¢,(H) C H. Hence H is characteretstic in G. [

Exercise 4.5.1a Prove that if P € Syl (G) and H is a subgroup of G con-
taining P then P € Syl,(H).

Proof. It P < H < G is a Sylow p-subgroup of G, then p does not divide [G : P].
Now [G : P] = [G : H][H : P], so that p does not divide [H : PJ; hence P is a
Sylow p-subgroup of H. O

Exercise 4.5.13 Prove that a group of order 56 has a normal Sylow p-
subgroup for some prime p dividing its order.

Proof. Since |G| = 56 = 23.7, G has 2—Sylow subgroup of order 8, as well as
7—Sylow subgroup of order 7. Now, we count the number of such subgroups.
Let n; be the number of 7—Sylow subgroup and ns be the number of 2—Sylow
subgroup. Now n; = 1+ 7k where 1 4+ 7k|8. The choices for k are 0 or 1.
If £ = 0, there is only one 7—Sylow subgroup and hence normal. So, assume
now, that there are 8 7—Sylow subgroup(for £ = 1). Now we look at 2— Sylow
subgroups. ny = 1+ 2k|7. So choice for k are 0 and 3. If k = 0, there is only
one 2—Sylow subgroup and hence normal. So, assume now, that there are 7
2—Sylow subgroup (for £ = 3). Now we claim that simultaneously, there cannot
be 8 7—Sylow subgroup and 7 2—Sylow subgroup. So, either 7—Sylow subgroup
is normal being unique, or the 2—Sylow subgroup is normal. Now, to prove the
claim, we observe that there are 48 elements of order 7. Let H; and Hy be
two distinct 2—Sylow subgroup. Now |H;| = 8. So we already get 48 + 8 = 56
distinct elements in the group. Now H; being distinct from H;, has at least
one element which is not in H;. This adds one more element in the group, at
the least. Now already we have number of elements in the group exceeding the
number of element in G. This gives a contradiction and proves the claim. [

Exercise 4.5.14 Prove that a group of order 312 has a normal Sylow p-
subgroup for some prime p dividing its order.

Proof. Since |G| = 351 = 32.13, G has 3—Sylow subgroup of order 9, as well as
13—Sylow subgroup of order 13. Now, we count the number of such subgroups.
Let n13 be the number of 13—Sylow subgroup and n3 be the number of 3—Sylow
subgroup. Now n13 = 1+ 13k where 1 4 13k|9. The choices for k is 0. Hence,

there is a unique 13—Sylow subgroup and hence is normal.
O
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Exercise 4.5.15 Prove that a group of order 351 has a normal Sylow p-
subgroup for some prime p dividing its order.

Proof. Since |G| = 351 = 32.13, G has 3—Sylow subgroup of order 9, as well as
13—Sylow subgroup of order 13. Now, we count the number of such subgroups.
Let n13 be the number of 13—Sylow subgroup and n3 be the number of 3—Sylow
subgroup. Now n13 = 1+ 13k where 1 4 13k|9. The choices for k is 0. Hence,
there is a unique 13—Sylow subgroup and hence is normal. O

Exercise 4.5.16 Let |G| = pqr, where p,q and r are primes with p < ¢ < r.
Prove that G has a normal Sylow subgroup for either p,q or r.

Proof. Let |G| = pgr. We also assume p < ¢ < r. We prove that G has
a normal Sylow subgroup of p, ¢ or r. Now, Let n,,ng,n, be the number
of Sylow-p subgroup, Sylow-q subgroup, Sylow-r subgroup resp. So, we have
n, = 1 4+ rk such that 1+ rk | pg. So, in this case as r is greatest n, can be 1
or pg. We assume n, = pg. Now we have ny = 1 + gk such that 1 + gk | pr.
Now,as p < ¢ < 7,ng can be 1 or 7, or pr. Assume that n, = r. Now we
turn to n,. Again my similar method we can conclude n, can be 1,q,r, or gr.
We assume that n, is ¢. Now we count the number of elements of order p, g, .
Since n, = pq, the number of elements of order r is pg(r — 1). Since n, = r,
the number of elements of order ¢ is (¢ — 1)r. And as n, = ¢, the number of
elements of order p is (p — 1)g. So, in total we get pg(r — 1)+ (¢ — 1)r + (p— 1)
q=pqr+qr—r—q= pqr—l—r(q— 1) —r. But observe that as ¢ > 1, r(q— —r>
0 . So the number of elements exceeds pgr. So, it proves that atleast n, or ng or
n, is 1, which ultimately proves the result, because a unique Sylow-p subgroup
is always normal. O

Exercise 4.5.17 Prove that if |G| = 105 then G has a normal Sylow 5 -
subgroup and a normal Sylow 7-subgroup.

Proof. Since |G| = 105 = 3.5.7, G has 3—Sylow subgroup of order 3, as well as
5—Sylow subgroup of order 5 and, 7—Sylow subgroup of order 7. Now, we count
the number of such subgroups. Let nz be the number of 3—Sylow subgroup,
ns be the number of 5—Sylow subgroup, and n7; be the number of 7—Sylow
subgroup. Now n; = 1 4 7k where 1 4 7k|15. The choices for k are 0 or 1.
If £k = 0, there is only one 7—Sylow subgroup and hence normal. So, assume
now, that there are 15 7—Sylow subgroup(for ¥ = 1). Now we look at 5—
Sylow subgroups. ns = 14 5k|21. So choice for k are 0 and 4. If & = 0,
there is only one 5—Sylow subgroup and hence normal. So, assume now, that
there are 24 5—Sylow subgroup (for & = 4). Now we claim that simultaneously,
there cannot be 15 7—Sylow subgroup and 24 5—Sylow subgroup. So, either
7—Sylow subgroup is normal being unique, or the 5—Sylow subgroup is normal.
Now, to prove the claim, we observe that there are 90 elements of order 7.
Also, see that there are 24 x 4 = 96 number of elements of order 5. So we
get 90 + 94 = 184 number of elements which exceeds the order of the group.
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This gives a contradiction and proves the claim. So, now we have proved that
there is either a normal 5—Sylow subgroup or a normal 7—Sylow subgroup.
Now we prove that indeed both 5— Sylow subgroup and 7 -Sylow subgroup are
normal. Assume that 7 -Sylow subgroup is normal. So, there is a unique 7
-Sylow subgroup, say H. Now assume that there are 245 -Sylow subgroups. So,
we get again 24 x 4 = 96 elements of order 5 . From H we get 7 elements which
gives us total of 96 + 7 = 103 elements. Now consider the number of 3 -Sylow
subgroups. ng = 1+ 3k | 35. Then the possibilities for k are 0 and 2 . But we
can rule out £ = 2 because having 73 -Sylow subgroup, will mean we have 14
elements of order 3 . So we get 103 + 14 = 117 elements in total which exceeds
the order of the group. So we have now that there is a unique 3 -Sylow subgroup
and hence normal. Call that subgroup K. Now take any one 5 -Sylow subgroup,
call it L. Now observe LK is a subgroup of G with order 15 . We know that
a group of order 15 is cyclic by an example in Page-143 of the book. So, there
is an element of order 15. Actually we have ¢(15) = 8 number of elements of
order 15. But then again we already had 103 elements and then we actually get
at least 103+ 8 = 111 elements which exceeds the order of the group. So, there
can’t be 24 5-Sylow subgroups, and hence there is a unique 5-Sylow subgroup,
and hence normal. O

Exercise 4.5.18 Prove that a group of order 200 has a normal Sylow 5-
subgroup.

Proof. Let G be a group of order 200 = 52 - 8. Note that 5 is a prime not
dividing 8 . Let P € Syls(G). [We know P exists since Syls(G) # () by Sylow’s
Theorem]

The number of Sylow 5-subgroups of G is of the form 1+ k-5, ie., ny =
1(mod5) and np divides 8 . The only such number that divides 8 and equals
1(mod5) is 1 so ns = 1. Hence P is the unique Sylow 5-subgroup. Since P is
the unique Sylow 5-subgroup, this implies that P is normal in G. O

Exercise 4.5.19 Prove that if |G| = 6545 then G is not simple.

Proof. Since |G| = 132 = 22.3.11, G has 2—Sylow subgroup of order 4, as well
as 11—Sylow subgroup of order 11, and 3—Sylow subgroup of order 3. Now,
we count the number of such subgroups. Let ni; be the number of 11—Sylow
subgroup and n3 be the number of 3—Sylow subgroup. Now n1; = 1+ 11k where
1+ 11k|12. The choices for k are 0 or 1. If k = 0, there is only one 11—Sylow
subgroup and hence normal. So, assume now, that there are 12 11—Sylow
subgroup(for k = 1). Now we look at 3— Sylow subgroups. ns = 1 + 3k|44. So
choice for k are 0, 1, and 7. If £ = 0, there is only one 3—Sylow subgroup and
hence normal. So, assume now, that there are 4 2—Sylow subgroup (for k£ = 3).
Now we claim that simultaneously, there cannot be 12 11—Sylow subgroup and
4 3—Sylow subgroups provided there is more than one 2—Sylow subgroups. So,
either 2—Sylow subgroup is normal or if not, then, either 11—Sylow subgroup is
normal being unique, or the 3—Sylow subgroup is normal(We don’t consider the
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possibility of 22 3—Sylow subgroup because of obvious reason). Now, to prove
the claim, we observe that there are 120 elements of order 11. Also there are 8
elements of order 3. So we already get 12048+ 1 = 129 distinct elements in the
group. Let us count the number of 2—Sylow subgroups in G. ny = 1 + 2k|33.
The possibilities for k are 0, 1, 5, 16. Now, assume there is more than one
2—Sylow subgroups. Let H; and Hs be two distinct 2—Sylow subgroup. Now
|H1| = 4. So we already get 129 + 3 = 132 distinct elements in the group. Now
H; being distinct from H;, has at least one element which is not in H;. This
adds one more element in the group, at the least. Now already we have number
of elements in the group exceeding the number of element in G. This gives a
contradiction and proves the claim. Hence G is not simple. O

Exercise 4.5.20 Prove that if |G| = 1365 then G is not simple.

Proof. Since |G| = 1365 = 3.5.7.13, G has 13—Sylow subgroup of order 13. Now,
we count the number of such subgroups. Let ni3 be the number of 13—Sylow
subgroup. Now nj3 = 1+ 13k where 1 4+ 13k|3.5.7. The choices for k is 0.
Hence, there is a unique 13—Sylow subgroup and hence is normal. so G is not
simple. O

Exercise 4.5.21 Prove that if |G| = 2907 then G is not simple.

Proof. Since |G| = 2907 = 32.17.19, G has 19—Sylow subgroup of order 19.
Now, we count the number of such subgroups. Let nig be the number of
19—Sylow subgroup. Now njg = 1 + 19k where 1 + 19k|32.17. The choices
for k£ is 0. Hence, there is a unique 19—Sylow subgroup and hence is normal. so
G is not simple. O

Exercise 4.5.22 Prove that if |G| = 132 then G is not simple.

Proof. Since |G| = 132 = 22.3.11, G has 2—Sylow subgroup of order 4, as well
as 11—Sylow subgroup of order 11, and 3—Sylow subgroup of order 3. Now,
we count the number of such subgroups. Let ni; be the number of 11—Sylow
subgroup and n3 be the number of 3—Sylow subgroup. Now n1; = 1+ 11k where
1+ 11k|12. The choices for k are 0 or 1. If k = 0, there is only one 11—Sylow
subgroup and hence normal. So, assume now, that there are 12 11—Sylow
subgroup(for k = 1). Now we look at 3— Sylow subgroups. ns = 1 + 3k|44. So
choice for k are 0, 1, and 7. If k£ = 0, there is only one 3—Sylow subgroup and
hence normal. So, assume now, that there are 4 2—Sylow subgroup (for k£ = 3).
Now we claim that simultaneously, there cannot be 12 11—Sylow subgroup and
4 3—Sylow subgroups provided there is more than one 2—Sylow subgroups. So,
either 2—Sylow subgroup is normal or if not, then, either 11—Sylow subgroup is
normal being unique, or the 3—Sylow subgroup is normal(We don’t consider the
possibility of 22 3—Sylow subgroup because of obvious reason). Now, to prove
the claim, we observe that there are 120 elements of order 11. Also there are 8
elements of order 3. So we already get 120 +8+1 = 129 distinct elements in the
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group. Let us count the number of 2—Sylow subgroups in G. ny = 1 + 2k|33.
The possibilities for k are 0, 1, 5, 16. Now, assume there is more than one
2—Sylow subgroups. Let H; and Hs be two distinct 2—Sylow subgroup. Now
|Hy| = 4. So we already get 129 + 3 = 132 distinct elements in the group. Now
H, being distinct from H;, has at least one element which is not in H;. This
adds one more element in the group, at the least. Now already we have number
of elements in the group exceeding the number of element in G. This gives a
contradiction and proves the claim. Hence G is not simple. O

Exercise 4.5.23 Prove that if |G| = 462 then G is not simple.

Proof. Let G be a group of order 462 = 11 - 42. Note that 11 is a prime not
dividing 42 . Let P € Syl11(G). [We know P exists since Syl11(G) # 0]. Note
that |P| = 11! = 11 by definition.

The number of Sylow 11-subgroups of G is of the form 1+ k-11,i.e., n;; =1
(mod 11) and nq; divides 42 . The only such number that divides 42 and equals
1 (mod 11) is 1 so ny; = 1. Hence P is the unique Sylow 11-subgroup.

Since P is the unique Sylow Il-subgroup, this implies that P is normal in
G. O

Exercise 4.5.28 Let G be a group of order 105. Prove that if a Sylow 3-
subgroup of G is normal then G is abelian.

Proof. Given that G is a group of order 1575 = 3%2.52.7. Now, Let n, be the
number of Sylow-p subgroups. It is given that Sylow-3 subgroup is normal and
hence is unique, so n3 = 1. First we prove that both Sylow-5 subgroup and
Sylow 7-subgroup are normal. Let P be the Sylow3 subgroup. Now, Consider
G/ P, which has order 52.7. Now, the number of Sylow —5 subgroup of G/P is
given by 1 + 5k, where 1+ 5k | 7. Clearly k = 0 is the only choice and hence
there is a unique Sylow-5 subgroup of G/ P, and hence normal. In the same way
Sylow-7 subgroup of G/P is also unique and hence normal. Consider now the
canonical map 7 : G — G/P. The inverse image of Sylow-5 subgroup of G/P
under 7, call it H, is a normal subgroup of G, and |H| = 32.52. Similarly, the
inverse image of Sylow-7 subgroup of G/P under 7 call it K is also normal in
G and |K| = 32.7. Now, consider H. Observe first that the number of Sylow-5
subgroup in H is 1 + 5k such that 1+ 5k | 9. Again &k = 0 and hence H has
a unique Sylow-5 subgroup, call it P;. But, it is easy to see that P; is also a
Sylow-5 subgroup of G, because |P;| = 25. But now any other Sylow 5 subgroup
of G is of the form gP;g~' for some g € G. But observe that since P, C H
and H is normal in G, so gPg' C H, and gP;g~"! is also Sylow-5 subgroup of
H. But, then as Sylow-5 subgroup of H is unique we have gP,g~' = P;. This
shows that Sylow-5 subgroup of G is unique and hence normal in G.

Similarly, one can argue the same for K and deduce that Sylow-7 subgroup
of G is unique and hence normal. So, the first part of the problem is done. [

19



Exercise 4.5.33 Let P be a normal Sylow p-subgroup of G and let H be any
subgroup of G. Prove that P N H is the unique Sylow p-subgroup of H.

Proof. Let G be a group and P is a normal p-Sylow subgroup of G.|G| = p®.m
where p f m. Then |P| = p®. Let H be a subgroup of G. Now if |H| = k such
that p t k. Then PN H = {e}. There is nothing to prove in this case. Let
|H| = pb.n, where b < a, and p { n. Now consider PH which is a subgroup

of G, as P is normal. Now |PH| = J}gggﬂ = f;;l}{"‘ Now since PH < G, so
|PH| = p®.l, as P < PH. This forces |P N H| = p®. So by order consideration
we have PN H is a sylow —p subgroup of H. Now we know P is unique p - Sylow
subgroup. Suppose H has a sylow-p subgroup distinct from P N H, call it H;.
Now H; is a p-subgroup of G. So, H; is contained in some Sylow-p subgroup of
G, call it P;. Clearly P; is distinct from P, which is a contradiction. So PN H
is the only p-Sylow subgroup of H, and hence normal in H O

Exercise 5.4.2 Prove that a subgroup H of G is normal if and only if [G, H] <
H.

Proof. H<G is equivalent to g~'hg € H,Vg € G,Yh € H. We claim that holds if
and only if h='g~'hg € HVg € G,VYh € H, i, {h"'g7'hg:he H,ge G} C
H. That holds by the following argument: If g~'hg € H,Vg € G,Vh € H, note
that h=! € H, so multiplying them, we also obtain an element of H. On the
other hand, if h~1g~'hg € H,Vg € G,Vh € H, then

hh™tg 'hg =g 'hg € H Vg € G,Yh € H.
Since {h~'g7'hg:he Hge G} CH < ({h'g thg:he Hge G}) < H,
we've solved the exercise by definition of [H, G]. O
Exercise 7.1.2 Prove that if v is a unit in R then so is —u.

Proof. Solution: Since u is a unit, we have uv = vu = 1 for some v € R. Thus,
we have
(—v)(—u) =vu=1

and
(—u)(—v) =uv = 1.

Thus —wu is a unit. O

Exercise 7.1.11 Prove that if R is an integral domain and z? = 1 for some
z € R then x = £1.

Proof. Solution: If 2 = 1, then 22 — 1 = 0. Evidently, then,
(r—1)(z+1)=0.
Since R is an integral domain, we must have xt —1 =0orz+1=0; thusz =1

orx = —1. ]
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Exercise 7.1.12 Prove that any subring of a field which contains the identity
is an integral domain.

Proof. Solution: Let R C F be a subring of a field. (We need not yet assume
that 1 € R ). Suppose z,y € R with zy = 0. Since x,y € F and the zero
element in R is the same as that in F', either = 0 or y = 0. Thus R has no
zero divisors. If R also contains 1 , then R is an integral domain. O

Exercise 7.1.15 A ring R is called a Boolean ring if a> = a for all a € R.
Prove that every Boolean ring is commutative.

Proof. Solution: Note first that for all a € R,

Now if a,b € R, we have
a+b=(a+b)?=0a’+ab+ba+b*=a+ab+ba+b.

Thus ab + ba = 0, and we have ab = —ba. But then ab = ba. Thus R is
commutative. O

Exercise 7.2.2 Let p(z) = ap2™ +a,_12" ' +---+a12 +ap be an element of
the polynomial ring R[z]. Prove that p(z) is a zero divisor in R[z] if and only
if there is a nonzero b € R such that bp(xz) = 0.

Proof. Solution: If bp(z) = 0 for some nonzero b € R, then it is clear that
p(x) is a zero divisor. Now suppose p(x) is a zero divisor; that is, for some
q(z) =Y bz, we have p(z)q(z) = 0. We may choose ¢(z) to have minimal
degree among the nonzero polynomials with this property. We will now show
by induction that a;q(x) = 0 for all 0 < i < n. For the base case, note that

n+m
p(z)g(z) = Z Z aib; zF =0.
k=0 \itj=Fk

The coefficient of ™™ in this product is a,b,, on one hand, and 0 on the
other. Thus apb, = 0. Now a,q(z)p(x) = 0, and the coefficient of 2™ in q is
anbm = 0. Thus the degree of a,q(x) is strictly less than that of g(z); since
¢(z) has minimal degree among the nonzero polynomials which multiply p(x)
to 0, in fact a,q(z) = 0. More specifically, a,b; = 0 for all 0 < i < m. For
the inductive step, suppose that for some 0 < ¢ < n, we have a,q(z) = 0 for all
t<r<n. Now

n+m
p(x)g(x) = Z Z aib; | ¥ = 0.
k=0 \i+j=k
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On one hand, the coefficient of ™! is Ziﬂ-:mH a;b;, and on the other hand,

it is 0 . Thus
Z a,»bj =0.
i+j=m+t
By the induction hypothesis, if i > ¢, then a;b; = 0. Thus all terms such that

i > t are zero. If i < t, then we must have j > m, a contradiction. Thus we
have a;b,, = 0. As in the base case,

arq(z)p(z) =0

and arq(x) has degree strictly less than that of g(x), so that by minimality,
arq(z) = 0. By induction, a;q(x) = 0 for all 0 < i < n. In particular, a;b,, = 0.
Thus by, p(x) = 0. O

Exercise 7.2.12 Let G = {g1,...,g9n} be a finite group. Prove that the
element N = g1 + g2 + ... + g, is in the center of the group ring RG.

Proof. Let M = Y | r;g; be an element of R[G]. Note that for each g; € G,
the action of g; on G by conjugation permutes the subscripts. Then we have
the following.

M= (Zm) ergj
i=1 j=1

Z 739i9j

i=1

I

<
I
—

Z 759595 9ig;

95 <Z g] gz!]])

1 =1

.~

(Z rig; Z gi>

j=1 i=1

M: i M:

J

I
M:

Thus N € Z(R[G]). O

Exercise 7.3.16 Let ¢ : R — S be a surjective homomorphism of rings. Prove
that the image of the center of R is contained in the center of S.
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Proof. Suppose r € ¢[Z(R)]. Then r = ¢(z) for some z € Z(R). Now let z € S.
Since ¢ is surjective, we have x = ¢y for some y € R. Now

zr = o(y)p(2) = e(yz) = ¢(zy) = ¢(2)p(y) = re.
Thus r € Z(S). O

Exercise 7.3.37 An ideal N is called nilpotent if N is the zero ideal for some
n > 1. Prove that the ideal pZ/p™Z is a nilpotent ideal in the ring Z/p™Z.

Proof. First we prove a lemma. Lemma: Let R be a ring, and let I1,Is,J C R
be ideals such that J C Iy, Is. Then (I1/J) (Is/J) = I112/J. Proof: ( C ) Let

a= (z;+7)(yi+J) € (1/]) I/ ]).

Then
o= Z(xiyi +J) = (Z%Zh) +J € (I112) /J.

Now let o = (3] xsy:) + J € (I112) /J. Then

a=> (xi+J)(yi+J) € (L/])(I2/)]).

From this lemma and the lemma to Exercise 7.3.36, it follows by an easy induc-
tion that
(pZ/p"Z)™ = (PZ)™ [p™ L = p™L/p™ L = 0.

Thus pZ/p™Z is nilpotent in Z/p™Z. O

Exercise 7.4.27 Let R be a commutative ring with 1 # 0. Prove that if a is
a nilpotent element of R then 1 — ab is a unit for all b € R.

Proof. M(R) is an ideal of R. Thus for all b € R, —ab is nilpotent. Hence 1 — ab
is a unit in R. O

Exercise 8.1.12 Let N be a positive integer. Let M be an integer relatively
prime to N and let d be an integer relatively prime to ¢(N), where ¢ denotes
Euler’s p-function. Prove that if My = M? (mod N) then M = M& (mod N)
where d’ is the inverse of d mod ¢(N): dd’ =1 (mod ¢(N)).

Proof. Note that there is some k € Z such that M4 = Mre(N)+1 = (M“’(N))k-

M mod N. By Euler’s Theorem we have M#N) = 1 mod N, so that Mld/
M mod N.

[l
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Exercise 8.2.4 Let R be an integral domain. Prove that if the following
two conditions hold then R is a Principal Ideal Domain: (i) any two nonzero
elements a and b in R have a greatest common divisor which can be written in
the form ra + sb for some r, s € R, and (ii) if ay, as, as, . .. are nonzero elements
of R such that a;y1 | a; for all 4, then there is a positive integer N such that a,
is a unit times ay for all n > N.

Proof. Let I < R be a nonzero ideal and let I/ ~ be the set of equivalence
classes of elements of I with regards to the relation of being associates. We can
equip I/ ~ with a partial order with [z] < [y] if y | z. Condition (ii) implies
all chains in I/ ~ have an upper bound, so By Zorn’s lemma I/ ~ contains
a maximal element, i.e. I contains a class of associated elements which are
minimal with respect to divisibility.

Now let a,b € I be two elements such that [a] and [b] are minimal with
respect to divisibility. By condition (i) a and b have a greatest common divisor
d which can be expressed as d = ax + by for some z,y € R. In particular,
d € I. Since a and b are minimal with respect to divisibility, we have that

[a] = [b] = [d]. Therefore I has at least one element a that is minimal with
regard to divisibility and all such elements are associate, and we have I = (a)
and so [ is principal. We conclude R is a principal ideal domain. O

Exercise 8.3.4 Prove that if an integer is the sum of two rational squares,
then it is the sum of two integer squares.

Proof. Let n = ‘Z—j + fl—z, or, equivalently, n(bd)? = a%d? + ¢?b®. From this, we
see that n(bd)? can be written as a sum of two squared integers. Therefore, if
q = 3(mod4) and ¢° appears in the prime power factorization of n,i must be
even. Let j € NU {0} such that ¢/ divides bd. Then ¢'~% divides n. But since
1 is even, ¢ — 27 is even as well. Consequently, n can be written as a sum of two
squared integers. O

Exercise 8.3.5a Let R = Z[/—n| where n is a squarefree integer greater than
3. Prove that 2,v/—n and 1 + y/—n are irreducibles in R.

Proof. Suppose a = aj + az\/—n,b = by + byy/—n € R are such that 2 = ab,
then N(a)N(b) = 4. Without loss of generality we can assume N(a) < N(b), so
N(a) =1 or N(a) = 2. Suppose N(a) = 2, then a? + na3 = 2 and since n > 3
we have az = 0, which implies a? = 2, a contradiction. So N(a) =1 and a is a
unit. Therefore 2 is irreducible in R.

Suppose now /—n = ab, then N(a)N(b) = n and we can assume N(a) <
N (b) since n is square free. Suppose N(a) > 1, then a3 + na3 > 1 and a? +
na3 | n, so ag = 0, and therefore a? | n. Since n is squarefree, a; = +1, a
contradiction. Therefore N(a) = 1 and so a is a unit and /—n is irreducible.

Suppose 1+ /—n = ab, then N(a)N(b) = n+1 and we can assume N(a) <
N(b). Suppose N(a) > 1, then a? + na3 > 1 and a? +na3 | n+ 1. If |ag| > 2,
then since n > 3 we have a contradiction since N(a) is too large. If |as| = 1,
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then a? + n divides 1 +n and so a; = +1, and in either case N(a) = n + 1
which contradicts N(a) < N(b). If a; = 0 then af (b3 + nb3) = (arby)? +
n(a1b2)2 =n+ 1. If |a1ba] > 2 we have a contradiction. If |a1by| = 1 then
a; = £1 which contradicts N(a) > 1. If |a1bs] = 0, then by = 0 and so
a1by = /—n, a contradiction. Therefore N(a) = 1 and so a is a unit and
1+ +/—n is irreducible. O

Exercise 8.3.6a Prove that the quotient ring Z[:]/(1 +4) is a field of order 2.

Proof. Let a + bi € Z[i]. If @ = bmod 2, then a + b and b — a are even and
(1+4) (“2 + %5%) =a+bie (1+4). If a #bmod 2 then a — 1+ bi € (1+71).
Therefore every element of Z[i] is in either (1 4 ¢) or 1+ (1 + ), so Z[i]/(1 + i)
is a finite ring of order 2 , which must be a field. O

Exercise 8.3.6b Let ¢ € Z be a prime with ¢ = 3 mod 4. Prove that the
quotient ring Z[i]/(q) is a field with ¢ elements.

Proof. The division algorithm gives us that every element of Z[i]/{g) is repre-
sented by an element a + bi such that 0 < a,b < ¢q. Each such choice is distinct
since if a1 +b1i + (q) = as + bai + (q), then (a3 — az) + (b1 — be) @ is divisible by
q, s0 a; = as mod q and b; = by mod q. So Z[i]/{g) has order ¢>.

Since ¢ = 3 mod 4, ¢ is irreducible, hence prime in Z[i]. Therefore (q) is
a prime ideal in Z[i], and so Z[i]/{g) is an integral domain. So Z[i]/{q) is a
field. O

Exercise 9.1.6 Prove that (z,y) is not a principal ideal in Q[z, y].

Proof. Suppose, to the contrary, that (z,y) = p for some polynomial p € Q[z, y].
From z,y € (x,y) = (p) there are s,t € Q[z,y] such that x = sp and y = tp.
Then:

0 = deg, (v) = deg, (s) + deg, (p) so

(

0 = deg,(p
( deg, (s) + deg,(p) so
(

)
)
0 = deg, (y)
)

0 = deg,(p) so

From : 0 = deg,(p) = deg,(p) we get deg(p) = 0 and p € Q. But p € (p) =
(z,y) so p = ax + by for some a,b € Q[z, y]

deg(p) = deg(az + by)
= min(deg(a) + deg(x), deg(b) + deg(y))
= min(deg(a) + 1,deg(b) +1) > 1

which contradicts deg(p) = 0. So we conclude that (z,y) is not principal ideal
in Qz,y] O
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Exercise 9.1.10 Prove that the ring Z [z1, 2,3, ...] / (z122, 2324, T526, - . .)
contains infinitely many minimal prime ideals.

Proof. Let R = Z[x1, 22, ...,2y] and consider the ideal K = (zar1122k+2 | kK € Z4)in
R. Consider the family of subsets X = {{zar+1,Zor12} | k € Z;}, and Y the set

of choice function on X, ie the set of functions X : Zy — Uz, {@ar+1, Tar42} with

Ma) € {x2qa+1,T2a+2} For each A € Y we have the ideal Iy = (A(0), A(1),...).

All these ideals are distinct, ie for A # X' we have I # I,,. We also have that

by construction K C I for all A € Y. By the Third Isomorphism Treorem

(R/K)/(Ix/K) = R/ 1y

Note also that R/I is isomorphic to the polynomial ring over R with indeter-
minates the x; not in the image of A\, and since there is a countably infinite
number of them we can conclude R/Iy = R, an integral domain. Therefore
I,/K is a prime ideal of R/K

We prove now that I,/K is a minimal prime ideal. Let J/K C I,/K
be a prime ideal. For each pair (zaxi1,Zogt2) we have that xopyi1Torya €
K s0 xopi12ok42 mod K € J/K so J must contain one of the elements in
{Zak+1, Tart2}. But since J/K C I,/K it must be A(k) for all k € Z,. There-
fore J/K =1I,/K O

Exercise 9.3.2 Prove that if f(z) and g(x) are polynomials with rational
coefficients whose product f(z)g(z) has integer coefficients, then the product of
any coefficient of g(x) with any coefficient of f(x) is an integer.

Proof. Let f(x),g(x) € Q[x] be such that f(z)g(x) € Z[z]. By Gauss’ Lemma
there exists r,s € Q such that rf(z),sg(z) € Zz], and (rf(z))(sg(z)) =
rsf(x)g(z) = f(2)g(x). From this last relation we can conclude that s = r~!.
Therefore for any coefficient f; of f(z) and g; of g(z) we have that r f;,r~1g; €
Z and by multiplicative closure and commutativity of Z we have that r fir_lgj =
figj ez O

Exercise 9.4.2a Prove that 2% — 42 + 6 is irreducible in Z[x].
Proof.
xt — 423 + 6
The polynomial is irreducible by Eisenstiens Criterion since the prime 2 doesnt

divide the leading coefficient 2 divide coefficients of the low order term —4,0,0
but 6 is not divided by the square of 2. O

Exercise 9.4.2b  Prove that 2+ 302° — 152 + 62 — 120 is irreducible in Z[z].
Proof.

2% 4 3025 — 152° + 62 — 120
The coefficients of the low order.: 30,—15,0,6,—120 They are divisible by the

prime 3 , but 32 = 9 doesn 't divide —120. So this polynomial is irreducible
over Z. 0
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Exercise 9.4.2c Prove that 2% + 423 + 622 + 2z + 1 is irreducible in Z[x].

Proof.
p(x) = 2t + 623 + 42 + 22+ 1

We calculate p(x — 1)

(x—1)* =2 — 423 + 627 — 4z + 1
6(x —1)% = 62 — 1822 + 182 — 6
4(x —1)* =42 —8x + 4

1

pz—1D=@@-D*+6(x—-1>3+4x—-1)2+2@—1)+1=2*+ 223 - 822+
8r —2

q(z) = 2* +22° — 82% + 8z — 2

q(z) is irreducible by Eisenstiens Criterion since the prime $2$ divides the lower

coefficient but $22$ doesnt divide constant —2. Any factorization of p(x) would
provide a factor of p(z)(x — 1) Since:

=
=
I
=
5
N~—
5
|
=
I
2
8
|
—_
S—
=
5
|
=

We get a contradiction with the irreducibility of p(x — 1), so p(z) is irreducible
in Z[z] O

Exercise 9.4.2d Prove that W, where p is an odd prime, is irreducible
in Zx].
Proof. W p is on add pprime Z[z]

(z +2)P — 2P
X

as a polynomial we expand (x + 2)?

2P cancels with —2P every remaining term has z as a factor

P o P2y 02 P )3y 4 opt p
1 2 p—1

2k<Z)xp_k_l:2k-p-(p—1)...(p—k—1), O0<k<p

Every lower order coef. has p as a factor but doesnt have $p”2$ as a fuction so
the polynomial is irreducible by Eisensteins Criterion. O
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Exercise 9.4.9 Prove that the polynomial 22 — /2 is irreducible over Z[\/ﬁ]
You may assume that Z[v/2] is a U.F.D.

Proof. Z[\/2] is an Euclidean domain, and so a unique factorization domain.
We have to prove p(z) = 22 — v/2 irreducible. Suppose to the contrary. if p(z)
is reducible then it must have root. Let a + bv/2 be a root of 2 — /2. Now we
have

a? + 20 + 2abV2 = V2

By comparing the coefficients we get 2ab = 1 for some pair of integers a and b,
a contradiction. So p(z) is irredicible over Z[v/2]. O

Exercise 9.4.11 Prove that 22 + y? — 1 is irreducible in Q[x, y].

Proof.
p(z) = 2% +y* — 1 € Qlyl[z] = Q[y, ]

We have that y+1 € Q[y] is prime and Q[y] is an UFD, since p(x) = 2?2 +y?—1 =
2?4+ (y + 1)(y — 1) by the Eisenstein criterion 22 + y? — 1 is irreducibile in
Qlx,yl- =

Exercise 11.1.13 Prove that as vector spaces over Q, R" = R, for all n € Z*.

Proof. Since B is a basis of V, every element of V can be written uniquely as
a finite linear combination of elements of B. Let X be the set of all such finite
linear combinations. Then X has the same cardinality as V', since the map from
X to V that takes each linear combination to the corresponding element of V'
is a bijection.

We will show that X has the same cardinality as B. Since B is countable and
X is a union of countable sets, it suffices to show that each set X, consisting
of all finite linear combinations of n elements of B, is countable.

Let P,(X) be the set of all subsets of X with cardinality n. Then we
have X,, C P,(B). Since B is countable, we have card(P,(B)) < card(B") =
card(B), where B™ is the Cartesian product of n copies of B.

Thus, we have card(X,,) < card(P,(B)) < card(B), so X,, is countable. It
follows that X is countable, and hence has the same cardinality as B.

Therefore, we have shown that the cardinality of V' is equal to the cardinality
of B. Since F' is countable, it follows that the cardinality of V is countable as
well.

Now let @) be a countable field, and let R be a vector space over (). Let n be
a positive integer. Then any basis of R™ over @) has the same cardinality as R,
which is countable. Since R is a direct sum of n copies of R™, it follows that
any basis of R over ) has the same cardinality as R. Hence, the cardinality of
R is countable.

Finally, since R is a countable vector space and @ is a countable field, it fol-
lows that R and Q®°d(1) are isomorphic as additive abelian groups. Therefore,
we have R = Q®card(R) and in particular R =g R" for any positive integer
n. U
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