
Exercises from

Linear Algebra Done Right

by Sheldon Axler

Exercise 1.2 Show that −1+
√
3i

2 is a cube root of 1 (meaning that its cube
equals 1).

Proof. (
−1 +

√
3i

2

)2

=
−1−

√
3i

2
,

hence (
−1 +

√
3i

2

)3

=
−1−

√
3i

2
· −1 +

√
3i

2
= 1

This means −1+
√
3i

2 is a cube root of 1.

Exercise 1.3 Prove that −(−v) = v for every v ∈ V .

Proof. By definition, we have

(−v) + (−(−v)) = 0 and v + (−v) = 0.

This implies both v and −(−v) are additive inverses of −v, by the uniqueness
of additive inverse, it follows that −(−v) = v.

Exercise 1.4 Prove that if a ∈ F, v ∈ V , and av = 0, then a = 0 or v = 0.

Proof. If a = 0, then we immediately have our result. So suppose a 6= 0. Then,
because a is some nonzero real or complex number, it has a multiplicative inverse
1
a . Now suppose that v is some vector such that

av = 0
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Multiply by 1
a on both sides of this equation to get

1

a
(av) =

1

a
0

1

a
(av) = 0(

1

a
· a
)
v = 0 (associativity)

1v = 0 (definition of 1/a)

v = 0 (multiplicative identity)

Hence either a = 0 or, if a 6= 0, then v = 0.

Exercise 1.6 Give an example of a nonempty subset U of R2 such that U
is closed under addition and under taking additive inverses (meaning −u ∈ U
whenever u ∈ U), but U is not a subspace of R2.

Proof.
U = Z2 =

{
(x, y) ∈ R2 : x, y are integers

}
U = Z2 satisfies the desired properties. To come up with this, note by assump-
tion, U must be closed under addition and subtraction, so in particular, it must
contain 0 . We need to find a set which fails scalar multiplication. A discrete
set like Z2 does this.

Exercise 1.7 Give an example of a nonempty subset U of R2 such that U is
closed under scalar multiplication, but U is not a subspace of R2.

Proof.
U =

{
(x, y) ∈ R2 : |x| = |y|

}
For (x, y) ∈ U and λ ∈ R, it follows λ(x, y) = (λx, λy), so |λx| = |λ||x| =
|λ||y| = |λy|. Therefore, λ(x, y) ∈ U .

On the other hand, consider a = (1,−1), b = (1, 1) ∈ U . Then, a + b =
(1,−1) + (1, 1) = (2, 0) /∈ U . So, U is not a subspace of R2.

Exercise 1.8 Prove that the intersection of any collection of subspaces of V
is a subspace of V .

Proof. Let V1, V2, . . . , Vn be subspaces of the vector space V over the field F .
We must show that their intersection V1 ∩ V2 ∩ . . .∩ Vn is also a subspace of V .

To begin, we observe that the additive identity 0 of V is in V1∩V2∩ . . .∩Vn.
This is because 0 is in each subspace Vi, as they are subspaces and hence contain
the additive identity.

Next, we show that the intersection of subspaces is closed under addition.
Let u and v be vectors in V1 ∩ V2 ∩ . . . ∩ Vn. By definition, u and v belong to
each of the subspaces Vi. Since each Vi is a subspace and therefore closed under
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addition, it follows that u + v belongs to each Vi. Thus, u + v belongs to the
intersection V1 ∩ V2 ∩ . . . ∩ Vn.

Finally, we show that the intersection of subspaces is closed under scalar
multiplication. Let a be a scalar in F and let v be a vector in V1 ∩V2 ∩ . . .∩Vn.
Since v belongs to each Vi, we have av belongs to each Vi as well, as Vi are
subspaces and hence closed under scalar multiplication. Therefore, av belongs
to the intersection V1 ∩ V2 ∩ . . . ∩ Vn.

Thus, we have shown that V1 ∩ V2 ∩ . . . ∩ Vn is a subspace of V .

Exercise 1.9 Prove that the union of two subspaces of V is a subspace of V
if and only if one of the subspaces is contained in the other.

Proof. To prove this one way, suppose for purposes of contradiction that for U1

and U2, which are subspaces of V , that U1 ∪ U2 is a subspace and neither is
completely contained within the other. In other words, U1 * U2 and U2 * U1.
We will show that you can pick a vector v ∈ U1 and a vector u ∈ U2 such that
v + u /∈ U1 ∪ U2, proving that if U1 ∪ U2 is a subspace, one must be completely
contained inside the other.

If U1 * U2, we can pick a v ∈ U1 such that v /∈ U2. Since v is in the subspace
U1, then (−v) must also be, by definition. Similarly, if U2 * U1, then we can
pick a u ∈ U2 such that u /∈ U1. Since u is in the subspace U2, then (−u) must
also be, by definition.

If v + u ∈ U1 ∪ U2, then v + u must be in U1 or U2. But, v + u ∈ U1 ⇒
v + u+ (−v) ∈ U1 ⇒ u ∈ U1 Similarly,

v + u ∈ U2 ⇒ v + u+ (−u) ∈ U2 ⇒ v ∈ U2

This is clearly a contradiction, as each element was defined to not be in these
subspaces. Thus our initial assumption must have been wrong, and U1 ⊆ U2 or
U2 ⊆ U1 To prove the other way, Let U1 ⊆ U2 (WLOG). U1 ⊆ U2 ⇒ U1 ∪ U2 =
U2. Since U2 is a subspace, U1 ∪ U2 is as well. QED.

Exercise 3.1 Show that every linear map from a one-dimensional vector space
to itself is multiplication by some scalar. More precisely, prove that if dimV = 1
and T ∈ L(V, V ), then there exists a ∈ F such that Tv = av for all v ∈ V .

Proof. If dimV = 1, then in fact, V = F and it is spanned by 1 ∈ F. Let T
be a linear map from V to itself. Let T (1) = λ ∈ V (= F). Step 2 2 of 3 Every
v ∈ V is a scalar. Therefore,

T (v) = T (v · 1)

= vT (1) . . . .( By the linearity of T )

= vλ

Hence, Tv = λv for every v ∈ V .
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Exercise 3.8 Suppose that V is finite dimensional and that T ∈ L(V,W ).
Prove that there exists a subspace U of V such that U ∩nullT = {0} and range
T = {Tu : u ∈ U}.

Proof. The point here is to note that every subspace of a vector space has a
complementary subspace. In this example, U will precisely turn out to be the
complementary subspace of null T . That is, V = U⊕nullT How should we char-
acterize U ? This can be achieved by extending a basis B1 = {v1, v2, . . . , vm}
of null T to a basis of V . Let B2 = {u1, u2, . . . , un} be such that B = B1 ∪ B2

is a basis of V .
Define U = span (B2). Now, since B1 and B2 are complementary subsets of

the basis B of V , their spans will turn out to be complementary subspaces of
V . Let’s prove that V = U⊕ null T .

Let v ∈ V . Then, v can be expressed as a linear combination of the vectors in
B. Let v = a1u1+· · ·+anun+c1v1+· · ·+cmvm. However, since {u1, u2, . . . , un}
is a basis of U, a1u1+ · · · + anun = u ∈ U and since {v1, v2, . . . , vm} is a basis
of null T, c1v1 + · · ·+ cmvm = w ∈ null T . Hence, v = u+w ∈ U + nullT . This
shows that

V = U + nullT

Now, let v ∈ U ∩nullT . Since v ∈ U, u can be expressed as a linear combination
of basis vectors of U . Let

v = a1u1 + · · ·+ anun

Similarly, since v ∈ nullT , it can also be expressed as a tinear combination of
the basis vectors of null T . Let

v = c1v1 + · · ·+ cmvm

The left hand sides of the above two equations are equal. Therefore, we can
equate the right hand sides.

a1u1 + · · ·+ anun = v = c1v1 + · · ·+ cmvm

a1u1 + · · ·+ anun − c1v1 − · · · − cmvm = 0

We have found a linear combination of u′i ’s and vi ’s which is equal to zero.
However, they are basis vectors of V . Hence, all the multipliers ci ’s and ai ’s
must be zero implying that v = 0. Therefore, if v ∈ U∩ null T , then v = 0. this
means that

U ∩ nullT = {0}

The above shows that U satisfies the first of the required conditions. Now let
w ∈ range T . Then, there exists v ∈ V such that Tv = w. This allows us to
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write v = u+ w where u ∈ U and w ∈ null T . This implies

w = Tv

= T (u+ w)

= Tu+ Tw

= Tu+ 0 ( since w ∈ nullT )

= Tu

This shows that if w ∈ range T then w = Tu for some u ∈ U . Therefore, range
T ⊆ {Tu | u ∈ U}. Since U is a subspace of V , it follows that Tu ∈ range T for
all u ∈ U . Thus, {Tu | u ∈ U} ⊆ range T . Therefore, range T = {Tu | u ∈ U}.
This shows that U satisfies the second required condition as well.

Exercise 3.10 Prove that there does not exist a linear map from F5 to F2

whose null space equals
{

(x1, x2, x3, x4, x5) ∈ F5 : x1 = 3x2 and x3 = x4 = x5
}
.

Proof. Suppose that there exists a linear map T : F5 → F2. By virtue of the
above theorem, what would be a possible dimension of its null space? In this
context, V = F5. Thus, dimV = 5. Since range T ⊆ F2, dim range T ≤ 2.
Therefore,

dim null T = dimF5 − dim null T

≥ 5− 2

= 3

That is, dim nullT must at least be 3.
Now, let’s find out a bit more about the given space.

U = {(x1, x2, x3, x4, x5) | x1 = 3x2, x3 = x4 = x5}
= {(3x2, x2, x3, x3, x3) | x2, x3 ∈ F}
= {x2(3, 1, 0, 0, 0) + x3(0, 0, 1, 1, 1) | x2, x3 ∈ F}

This shows that U = span{(3, 1, 0, 0, 0), (0, 0, 1, 1, 1)}. That U is generated by
two vectors implies that the dimension of U can be at most 2.

This along with the conclusion of the previous step proves that U can never
be the null space of any linear map T : F5 → F2

Exercise 3.11 Prove that if there exists a linear map on V whose null space
and range are both finite dimensional, then V is finite dimensional.

Proof. Suppose V is vector space and T is a linear map defined on V . If the
range and the null space of T are both finite dimensional, then the right hand
side of the equation quoted above is a finite number. Hence, the left hand side
also must be a finite number. In other words, V must be finite dimensional.
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Exercise 4.4 Suppose p ∈ P(C) has degree m. Prove that p has m distinct
roots if and only if p and its derivative p′ have no roots in common.

Proof. First, let p have m distinct roots. Since p has the degree of m, then this
could imply that p can be actually written in the form of p(z) = c (z − λ1) . . . (z − λm),
which you have λ1, . . . , λm being distinct. To prove that both p and p′ have no
roots in commons, we must now show that p′ (λj) 6= 0 for every j. So, to do so,
just fix j. The previous expression for p shows that we can now write p in the
form of p(z) = (z − λj) q(z), which q is a polynomial such that q (λj) 6= 0.

When you differentiate both sides of the previous equation, then you would
then have p′(z) = (z− λj) q

′(z) + q(z)
Therefore: = p′ (λj) = qλj) Equals: p′ (λj) 6= 0
Now, to prove the other direction, we would now prove the contrapositive,

which means that we will be proving that if p has actually less than m distinct
roots, then both p and p′ have at least one root in common.

Now, for some root of λ of p, we can write p is in the form of p(z) = (z − λ)nq(z)),
which is where both n ≥ 2 and q is a polynomial. When differentiating both
sides of the previous equations, we would then have p′(z) = (z − λ)nq′(z) +
n(z − λ)n−1q(z). Therefore, p′(λ) = 0, which would make λ is a common root
of both p and p′.

Exercise 5.1 Suppose T ∈ L(V ). Prove that if U1, . . . , Um are subspaces of
V invariant under T , then U1 + · · ·+ Um is invariant under T .

Proof. First off, assume that U1, . . . , Um are subspaces of V invariant under T .
Now, consider a vector u ∈ U1+. . .+Um. There does exist u1 ∈ U1, . . . , um ∈ Um

such that u = u1 + . . .+ um.
Once you apply T towards both sides of the previous equation, we would

then get Tu = Tu1 + . . .+ Tum.
Since each Uj is invariant under T , then we would have Tu1 ∈ U1+. . .+Tum.

This would then make the equation shows that Tu ∈ U1 + . . . + Tum, which
does imply that U1 + ..+ Um is invariant under T

Exercise 5.4 Suppose that S, T ∈ L(V ) are such that ST = TS. Prove that
null(T − λI) is invariant under S for every λ ∈ F.

Proof. First off, fix λ ∈ F . Secondly, let v ∈ null(T − λI). If so, then (T −
λI)(Sv) = TSv − λSv = STv − λSv = S(Tv − λv) = 0. Therefore, Sv ∈
null(T − λI) since null(T − λI) is actually invariant under S.

Exercise 5.11 Suppose S, T ∈ L(V ). Prove that ST and TS have the same
eigenvalues.

Proof. To start, let λ ∈ F be an eigenvalue of ST . Now, we would want λ
to be an eigenvalue of TS. Since λ, by itself, is an eigenvalue of ST , then
there has to be a nonzero vector v ∈ V such that (ST )v = λv. Now, With a
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given reference that (ST )v = λv, you will then have the following: (TS)(Tv) =
T (STv) = T (λv) = λTv If Tv 6= 0, then the listed equation above shows that
λ is an eigenvalue of TS. If Tv = 0, then λ = 0, since S(Tv) = λTv. This
also means that T isn’t invertible, which would imply that TS isn’t invertible,
which can also be implied that λ, which equals 0 , is an eigenvalue of TS. Step
3 3 of 3 Now, regardless of whether Tv = 0 or not, we would have shown that
λ is an eigenvalue of TS. Since λ (was) an arbitrary eigenvalue of ST , we have
shown that every single eigenvalue of ST is an eigenvalue of TS. When you do
reverse the roles of both S and T , then we can conclude that that every single
eigenvalue of TS is also an eigenvalue of ST . Therefore, both ST and TS have
the exact same eigenvalues.

Exercise 5.12 Suppose T ∈ L(V ) is such that every vector in V is an eigen-
vector of T . Prove that T is a scalar multiple of the identity operator.

Proof. For every single v ∈ V , there does exist av ∈ F such that Tv = avv.
Since T0 = 0, then we have to make a0 be the any number in F. However,
for every single v ∈ V {0}, then the value of aV is uniquely determined by the
previous equation of Tv = avv.

Now, to show that T is a scalar multiple of the identity, then me must show
that av is independent of v for v ∈ V {0}. We would now want to show that
av = aw.

First, just make the case of where (v, w) is linearly dependent. Then, there
does exist b ∈ F such that w = bv. Now, you would have the following: aWw =
Tw = T (bv) = bTv = b (avv) = avw. This is showing that av = aw. Finally,
make the consideration to make (v, w) be linearly independent. Now, we would
have the following: a(v + w

)
(v + w) = T (v + w) = Tv + Tw = avv + aww.

That previous equation implies the following:
(
a(v + w

)
− av

)
v +

(
a(v + w

)
− aw

)
w =

0. Since (v, w) is linearly independent, this would imply that both a(v + w
)

=

av and a(v + w
)

= aw. Therefore, av = aw.

Exercise 5.13 Suppose T ∈ L(V ) is such that every subspace of V with
dimension dimV − 1 is invariant under T . Prove that T is a scalar multiple of
the identity operator.

Proof. First off, let T isn’t a scalar multiple of the identity operator. So, there
does exists that v ∈ V such that u isn’t an eigenvector of T . Therefore, (u, Tu)
is linearly independent.

Next, you should extend (u, Tu) to a basis of (u, Tu, v1, . . . , vn) of V . So, let
U = span (u, v1, . . . , vn). Then, U is a subspace of V and dimU = dimV − 1.
However, U isn’t invariant under T since both u ∈ U and Tu ∈ U . This given
contradiction to our hypothesis about T actually shows us that our guess that
T is not a scalar multiple of the identity must have been false.
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Exercise 5.20 Suppose that T ∈ L(V ) has dimV distinct eigenvalues and
that S ∈ L(V ) has the same eigenvectors as T (not necessarily with the same
eigenvalues). Prove that ST = TS.

Proof. First off, let n = dimV . so, there is a basis of (v1, . . . , vj) of V that con-
sist of eigenvectors of T . Now, let λ1, . . . , λn be the corresponding eigenvalues,
then we would have Tvj = λ1vj for every single j.

Now, for every vj is also an eigenvector of S, so Svj = ajvj for some aj ∈ F .
For each j, we would then have (ST )vj = S (Tvj) = λjSvj = ajλjvj and
(TS)vj = T (Svj) = ajTvj = ajλjvj . Since both operators, which are ST and
TS, agree on a basis, then both are equal.

Exercise 5.24 Suppose V is a real vector space and T ∈ L(V ) has no eigen-
values. Prove that every subspace of V invariant under T has even dimension.

Proof. First off, let us assume that U is a subspace of V that is invariant under
T . Therefore, T |U ∈ L(U). If dim U were odd, then T |U would have an
eigenvalue λ ∈ R, so there would exist a nonzero vector u ∈ U such that

T |U u = λu.

So, this would imply that Tu = λu, which would imply that λ is an eigenvalue
of T . But T has no eigenvalues, so dimU must be even.

Exercise 6.2 Suppose u, v ∈ V . Prove that 〈u, v〉 = 0 if and only if ‖u‖ ≤
‖u+ av‖ for all a ∈ F.

Proof. First off, let us suppose that (u, v) = 0. Now, let a ∈ F. Next, u, av are
orthogonal. The Pythagorean theorem thus implies that

‖u+ av‖2 = ‖u‖2 + ‖av‖2

≥ ‖u‖2

So, by taking the square roots, this will now give us ‖u‖ ≤ ‖u + av‖. Now, to
prove the implication in the other direction, we must now let ‖u‖ ≤ ‖u + av‖
for all a ∈ F. Squaring this inequality, we get both:

‖u‖2and ≤ ‖u+ av‖2

= (u+ av, u+ av)

= (u, u) + (u, av) + (av, u) + (av, av)

= ‖u‖2 + ā(u, v) + a(u, v) + |a|2‖v‖2

‖u‖2 + 2<ā(u, v) + |a|2‖v‖2

for all a ∈ F. Therefore,

−2<ā(u, v) ≤ |a|2‖v‖2
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for all a ∈ F. In particular, we can let a equal −t(u, v) for t > 0. Substituting
this value for a into the inequality above gives

2t|(u, v)|2 ≤ t2|(u, v)|2‖v‖2

for all t > 0. Step 4 4 of 4 Divide both sides of the inequality above by t, getting

2|(u, v)|2 ≤ t | (u, v)2‖v‖2

for all t > 0. If v = 0, then (u, v) = 0, as desired. If v 6= 0, set t equal to 1/‖v‖2
in the inequality above, getting

2|(u, v)|2 ≤ |(u, v)|2,

which implies that (u, v) = 0.

Exercise 6.3 Prove that
(∑n

j=1 ajbj

)2
≤
(∑n

j=1 jaj
2
)(∑n

j=1
bj

2

j

)
for all

real numbers a1, . . . , an and b1, . . . , bn.

Proof. Let a1, a2, . . . , an, b1, b2, . . . , bn ∈ R. We have that n∑
j=1

ajbj

2

is equal to the  n∑
j=1

ajbj

√
j√
j

2

=

 n∑
j=1

(√
jaj

)(
bj

1√
j

)2

This can be observed as an inner product, and using the Cauchy-Schwarz In-
equality, we get n∑

j=1

ajbj

2

=

 n∑
j=1

(√
jaj

)(
bj

1√
j

)2

=

〈(
a,
√

2a2, . . . ,
√
nan

)
,

(
b1,

b2√
2
, . . . ,

bn√
n

)〉
≤
∥∥∥(a,√2a2, . . . ,

√
nan

)∥∥∥2 ∥∥∥∥(b1, b2√2
, . . . ,

bn√
n

)∥∥∥∥2
=

 n∑
j=1

ja2j

 n∑
j=1

b2j
j


Hence,

 n∑
j=1

ajbj

2

=

 n∑
j=1

ja2j

 n∑
j=1

b2j
j

 .
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Exercise 6.7 Prove that if V is a complex inner-product space, then 〈u, v〉 =
‖u+v‖2−‖u−v‖2+‖u+iv‖2i−‖u−iv‖2i

4 for all u, v ∈ V .

Proof. Let V be an inner-product space and u, v ∈ V . Then

‖u+ v‖2 = 〈u+ v, v + v〉
= ‖u‖2 + 〈u, v〉+ 〈v, u〉+ ‖v‖2

−‖u− v‖2 = −〈u− v, u− v〉
= −‖u‖2 + 〈u, v〉+ 〈v, u〉 − ‖v‖2

i‖u+ iv‖2 = i〈u+ iv, u+ iv〉
= i‖u‖2 + 〈u, v〉 − 〈v, u〉+ i‖v‖2

−i‖u− iv‖2 = −i〈u− iv, u− iv〉
= −i‖u‖2 + 〈u, v〉 − 〈v, u〉 − i‖v‖2.

Thus
(
‖u+ v‖2

)
− ‖u− v‖2 +

(
i‖u+ iv‖2

)
− i‖u− iv‖2 = 4〈u, v〉.

Exercise 6.13 Suppose (e1, . . . , em) is an or thonormal list of vectors in V .

Let v ∈ V . Prove that ‖v‖2 = |〈v, e1〉|2 + · · · + |〈v, em〉|2 if and only if v ∈
span (e1, . . . , em).

Proof. If v ∈ span (e1, . . . , em), it means that

v = α1e1 + . . .+ αmem.

for some scalars αi. We know that αk = 〈v, ek〉 ,∀k ∈ {1, . . . ,m}. Therefore,

‖v‖2 = 〈v, v〉
= 〈α1e1 + . . .+ αmem, α1e1 + . . .+ αmem〉

= |α1|2 〈e1, e1〉+ . . .+ |αm|2 〈em, em〉

= |α1|2 + . . .+ |αm|2

= |〈v, e1〉|2 + . . .+ |〈v, em〉|2 .

⇒ Assume that v /∈ span (e1, . . . , em). Then, we must have

v = vm+1 +
〈v, v0〉
‖v0‖2

v0,

where v0 = α1e1 + . . . + αmem, αk = 〈v, ek〉 ,∀k ∈ {1, . . . ,m}, and vm+1 = v−
〈v,v0〉
‖v0‖2

v0 6= 0.
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We have 〈v0, vm+1〉 = 0 (from which we get 〈v, v0〉 = 〈v0, v0〉 and 〈v, vm+1〉 =
〈vm+1, vm+1〉). Now,

‖v‖2 = 〈v, v〉

=

〈
v, vm+1 +

〈v, v0〉
‖v0‖2

v0

〉

= 〈v, vm+1〉+

〈
v,
〈v, v0〉
‖v0‖2

v0

〉

= 〈vm+1, vm+1〉+
〈v0, v0〉
‖v0‖2

〈v0, v0〉

= ‖vm+1‖2 + ‖v0‖2

> ‖v0‖2

= |α1|2 + . . .+ |αm|2

= |〈v, e1〉|2 + . . .+ |〈v, em〉|2 .

By contrapositive, if ‖v1‖2 = |〈v, e1〉|2+. . .+|〈v, em〉|2, then v ∈ span (e1, . . . , em).

Exercise 6.16 Suppose U is a subspace of V . Prove that U⊥ = {0} if and
only if U = V

Proof. V = U
⊕
U⊥, therefore U⊥ = {0} iff U = V .

Exercise 6.20 Suppose T ∈ L(V ) and U is a subspace of V . Prove that U
and U⊥ are both invariant under T if and only if PUT = TPU .

Proof. First off, let us suppose that U and U⊥ are both invariant under T . By
the previous exercise, this implies that

PUTPU = TPU

and
PU⊥TPU⊥ = TPU⊥ .

But PU⊥ = I − PU , so the last equation becomes

(I − PU )T (I − PU ) = T (I − PU ) .

Expanding both sides oth the equation above and rearranging terms, we get

PUTPU = PUT.

Combining this with the first equation, which is listed above, then we get PUT =
TPU .
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Now, to prove the implication in the other direction, let us suppose (now)
that

PUT = TPU .

Then
PUTPU = (PUT )PU

= (TPU )PU

= TP 2
U

= TPU

which implies that U is invariant under T . Also,

PU⊥TPU⊥ = ((I − PU )T )PU⊥

= (T − PUT )PU⊥

= (T − TPU )PU⊥

= T (1− PU )PU⊥

=TP 2
U⊥

=TPU⊥

which implies that U⊥ is invariant under T .

Exercise 6.29 Suppose T ∈ L(V ) and U is a subspace of V . Prove that U is
invariant under T if and only if U⊥ is invariant under T ∗.

Proof. First off, let U be invariant under T . Now, to prove that U⊥ is invariant
under T ∗, just make v ∈ U⊥. Now, we would need to show that T ∗v ∈ U⊥.

However, 〈u, T ∗v〉 = 〈Tu, v〉 = 0 for every single u ∈ U since if you have
have u ∈ U , then Tu ∈ U since Tu is orthogonal to v, which is an element of
U⊥. Therefore, T ∗v ∈ U⊥ since U⊥ is invariant under T ∗.

Next, to prove that the same thing, but in the other direction, then assume
that U⊥ is invariant under T ∗. Then, by using the very first direction, we should

know that
(
U⊥
)⊥

is also invariant, but to (T ∗)
∗
.

So, since
(
U⊥
)⊥

= U and that (T ∗)
∗

= T , then we can conclude that U is
invariant under T , which completes this given proof.

Exercise 7.5 Show that if dimV ≥ 2, then the set of normal operators on V
is not a subspace of L(V ).

Proof. First off, suppose that dimV ≥ 2. Next let (e1, . . . , en) be an orthonor-
mal basis of V . Now, define S, T ∈ L(V ) by both S (a1e1 + . . .+ anen) =
a2e1 − a1e2 and T (a1e1 + . . .+ anen) = a2e1 + a1e2. So, just by now doing a
simple calculation verifies that S∗ (a1e1+ . . .+ anen) = −a2e1 + a1e2

Now, based on this formula, another calculation would show that SS∗ =
S∗S. Another simple calculation would that that T is self-adjoint. Therefore,
both S and T are normal. However, S + T is given by the formula of (S +
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T ) (a1e1 + . . .+ anen) = 2a2e1. In this case, a simple calculator verifies that
(S + T )∗ (a1e1 + . . .+ anen) = 2a1e2.

Therefore, there is a final simple calculation that shows that (S + T )(S +
T )∗ 6= (S+ T )∗(S + T ). So, in other words, S + T isn’t normal. Thereofre,
the set of normal operators on V isn’t closed under addition and hence isn’t a
subspace of L(V ).

Exercise 7.6 Prove that if T ∈ L(V ) is normal, then rangeT = rangeT ∗.

Proof. Let T ∈ L(V ) to be a normal operator. Suppose u ∈ nullT . Then, by
7.20,

0 = ‖Tu‖ = ‖T ∗u‖ ,

which implies that u ∈ nullT ∗. Hence

nullT = nullT ∗

because (T ∗)
∗

= T and the same argument can be repeated. Now we have

range T = ( null T ∗)
⊥

= ( null T )⊥

= rangeT ∗,

where the first and last equality follow from items (d) and (b) of 7.7. Hence,
range T = range T ∗.

Exercise 7.9 Prove that a normal operator on a complex inner-product space
is self-adjoint if and only if all its eigenvalues are real.

Proof. First off, suppose V is a complex inner product space and T ∈ L(V ) is
normal. If T is self-adjoint, then all its eigenvalues are real. So, conversely, let
all of the eigenvalues of T be real. By the complex spectral theorem, there’s
an orthonormal basis (e1, . . . , en) of V consisting of eigenvectors of T . Thus,
there exists real numbers λ1, . . . , λn such that Tej = λjej for j = 1, . . . , n.
The matrix of T with respect to the basis of (e1, . . . , en) is the diagonal matrix
with λ1, . . . , λn on the diagonal. So, the matrix equals its conjugate transpose.
Therefore, T = T ∗. In other words, T s self-adjoint.

Exercise 7.10 Suppose V is a complex inner-product space and T ∈ L(V ) is
a normal operator such that T 9 = T 8. Prove that T is self-adjoint and T 2 = T .

Proof. Based on the complex spectral theorem, there is an orthonormal basis
of (e1, . . . , en) of V consisting of eigenvectors of T . Now, let λ1, . . . , λn be the
corresponding eigenvalues. Therefore,

Te1 = λjej

for j = 1 . . . n.
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Next, by applying T repeatedly to both sides of the equation above, we get
T 9ej = (λj)

9
ej and rei =8ej. Thus T 8ej = (λj)

8
ej , which implies that λj

equals 0 or 1 . In particular, all the eigenvalues of T are real. This would then
imply that T is self-adjoint.

Now, by applying T to both sides of the equation above, we get

T 2ej = (λj)
2
ej

= λjej

= Tej

which is where the second equality holds because λj equals 0 or 1 . Because T 2

and T agree on a basis, they must be equal.

Exercise 7.11 Suppose V is a complex inner-product space. Prove that every
normal operator on V has a square root. (An operator S ∈ L(V ) is called a
square root of T ∈ L(V ) if S2 = T .)

Proof. Let V be a complex inner product space. It is known that an operator
S ∈ L(V ) is called a square root of T ∈ L(V ) if

S2 = T

Now, suppose that T is a normal operator on V . By the Complex Spectral
Theorem, there is e1, . . . , en an orthonormal basis of V consisting of eigenvalues
of T and let λ1, . . . , λn denote their corresponding eigenvalues. Define S by

Sej =
√
λjej ,

for each j = 1, . . . , n. Obviously, S2ej = λjej = Tej . Hence, S2 = T so there
exist a square root of T .

Exercise 7.14 Suppose T ∈ L(V ) is self-adjoint, λ ∈ F, and ε > 0. Prove
that if there exists v ∈ V such that ‖v‖ = 1 and ‖Tv − λv‖ < ε, then T has an
eigenvalue λ′ such that |λ− λ′| < ε.

Proof. Let T ∈ L(V ) be a self-adjoint, and let λ ∈ F and ε > 0. By the Spectral
Theorem, there is e1, . . . , en an orthonormal basis of V consisting of eigenvec-
tors of T and let λ1, . . . , λn denote their corresponding eigenvalues. Choose an
eigenvalue λ′ of T such that |λ′ − λ|2 is minimized. There are a1, . . . , an ∈ F
such that

v = a1e1 + · · ·+ anen.
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Thus, we have

ε2 > ||Tv − λv|2

= |〈Tv − λv, e1〉|2 + · · ·+ |〈Tv − λv, en〉|2

= |λ1a1 − λa1|2 + · · ·+ |λnan − λan|2

= |a1|2 |λ1 − λ|2 + · · ·+ |an|2 |λn − λ|2

≥ |a1|2 |λ′ − λ|
2

+ · · ·+ |an|2 |λ′ − λ|
2

= |λ′ − λ|2

where the second and fifth lines follow from 6.30 (the fifth because ‖v‖ = 1
). Now, we taking the square root. Hence, T has an eigenvalue λ′ such that
|λ′ − λ| < ε
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