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cross-sections are computed with a spectral discrete dipole approximation model over the visible-to-
infrared (400-5000 nm) spectrum and compared with equivalent-sphere approximations. It is shown that

the equivalent-sphere approximation, applied to fractal aggregates, has a limited ability to calculate such

Keywords: cross-sections well. The approximation should thus be used with caution for the computation of broad-
Lidar band lidar cross-sections, especially backscattering, at small and intermediate wavelengths (e.g. UV to
Cross-sections visible).

Equivalent spherical model
Equivalent-sphere approximation
Light-scattering

Soot fractal aggregates

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

Soot, or black carbon, has received increasing attention in re-
cent years by the scientific [1] and industrial communities [2,3].
Carbonaceous particles result from incomplete combustion and
have natural and anthropogenic origins (e.g. urban fires, biomass
fires, fossil combustion) and can be found up to the upper tropo-
sphere and lower stratosphere. Freshly produced soot are relatively
small, i.e. with characteristic size <50nm, and consist mainly of
quasi-spherical monomers. With time, the monomers aggregate to
form complex microscopic clusters with highly-complicated shape
and fractal properties [4-7]. These clusters are referred to as soot
fractal-like aggregates (SFA) and the impact of fractal morphology
has been investigated in numerous recent studies [8,9].

SFA may impact the global radiative budget by scattering and
absorbing solar and the terrestrial radiation (the direct effect), and
by influencing cloud formation (the indirect effect) [10,11]. For in-
stance, they seem to act as ice nuclei and so play an important
role in contrail formation [12,13]. This is of scientific interest in
the context of climate change with respect to anthropic impact
since ice clouds have a strong greenhouse effect [14]. The under-
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standing of the ice-forming activity of soot particles is closely re-
lated to the knowledge of their microphysical properties, which in-
clude size, shape, and composition [15]. These airborne contami-
nants may also have effects on health [16-18].

Lidar methods have been used for several decades to probe
radiative properties of the atmosphere through elastic or inelas-
tic scattering [19,20]. Atmospheric elastic lidar consists of a colli-
mated pulsed light-source (laser) and a receiver (telescope) and as-
sociated optical sensors. Although most lidar systems use a single
wavelength, or frequency, laser, multi-wavelength and broadband
lasers in lidar have proven to be robust and efficient techniques
to characterize and classify different types of aerosols at distance
[21-25]. All these techniques use the advantages of multi-spectral
information to enhance the retrieval lidar techniques and are based
on the single-scattering elastic lidar equation [26,27]. This equa-
tion is derived from the standard radar equation and provides the
power received by the instrument from backscattering at a range r
[m] and for wavelength A expressed as:

P(r, X) :Po(x)n(x)Aeng(r,,\)ﬂ(r, 1) exp(-Z}a(r’,A)dr’])
0

-
where Py(A) is the power emitted by the laser, A.y the telescope’s
effective receiving area, O(r, A) the overlap function, and n(X) the
optical efficiency. The total aerosol and molecular spectral volume-
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extinction and backscattering coefficients are, respectively, a(r, A)
[m~1] and B(r, A) [m~1sr~!]. These volume coefficients depend
upon the concentration and cross-sections of the particles in the
particulate media. Freshly emitted soot monomers are small com-
pared to the wavelength of light, and thus, not efficient scatterers.
However, the size of soot aggregates is close to the wavelength, re-
sulting in more efficient scattering, including backscattering. This
makes lidar techniques good candidates for probing soot emissions
in the atmosphere [28-30]. The retrieval of microphysical param-
eters of soot particles from lidar signals is a complex scientific
problem as it involves, for instance, extensive knowledge of the
soot formation, optics, and chemistry. Various assumptions are of-
ten made due to this complexity, in particular: (i) the soot shape
is approximated to be an equivalent-sphere; (ii) the soot complex
refractive index is assumed known; and (iii) multiple scattering are
neglected.

This paper focuses on the first assumption and aims to assess
the ability of different sphere-equivalent approximations to repro-
duce the extinction and backscattering cross sections of soot ag-
gregates relevant to lidar remote sensing. Previous studies have
shown the limited performance of equivalent-sphere approxima-
tions to calculate the radiative properties of soot or other com-
plex shaped particles like ice crystals [31]. For instance, recent
work [32] compares the scattering amplitudes (and phase func-
tions) of four equivalent-spheres to small-aggregate soot parti-
cles at two wavelengths (628 and 1100 nm) using the generalized
multi-particle Mie method and have concluded large errors ex-
ist. In the framework of atmospheric lidar, it is thus crucial for
retrieval methods to assess the validity of the equivalent-sphere
approximation for complex shaped particles such as soot frac-
tal aggregates. Here, relationships between the fractal model and
the different approximations are given. Then, a spectral discrete
dipole approximation (SDDA) model is used to compute extinc-
tion and backscattering cross-sections over a broadband spectrum
[33]. For the first time, this paper addresses the use of equivalent-
sphere approximation in the framework of atmospheric broadband
or multispectral lidar and SFA.

2. Methods and results
2.1. Fractal morphology of soot aggregates

A major issue in calculating the radiative properties of soot
arises from the limitless number of soot aggregate shapes. This
calls for a fractal approach to model such complex geometry.
The morphology of SFAs is usually characterized by the frac-
tal pre-factor (k;), the fractal dimension (Dy), the number (N) of
monomers, and their mean monomer radius (R, ). These quantities
are defined, respectively, by the scaling relation [34] as follows:

Ro\Ps
()

where the radius of gyration (Rg) is defined from r;, the distance
of the ith monomer from the cluster’s center-of-mass:

1N 2
2
R, = N?:ri

Two types of freshly emitted SFAs are investigated below,
referred to as chain-like and compact aggregates. These have
fractal geometry and are simulated by diffusion-limited cluster-
aggregation (DLCA) [35-37]. Here, D;=1.8 and 2.39 for the chain-
like and the compact aggregates, respectively. The monomers,
which have R =20nm, have point-contact with other monomers
such that overlapping, necking, or sintering (bridges between
monomers) are neglected as pictured in Table 1.
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Fig. 1. Spectral complex refractive index m()A) is represented by continuous line
(blue, solid curve) for the real part and by dash lines (red, dashed curve) for the
imaginary part [41].

2.2. Spectral discrete dipole approximation

The method used to calculate the extinction and backscatter-
ing cross-sections of SFAs is the coupled-dipole method or dis-
crete dipole approximation (DDA) [38-40]|. The SDDA model, an
adaptation of the DDA, was developed to compute all the spectro-
polarimetric light-scattering properties over a wide spectrum rang-
ing from the visible (400nm) to the infrared (5000 nm) [33]. The
model simulates a complex-shaped particle, such as a fractal ag-
gregate of spherical monomers, by a finite cubic lattice of inter-
acting electric dipole moments whose polarizability is modeled by
the lattice dispersion relation (LDR) for a random orientation. The
dipoles residing outside of the aggregate are set to zero. The total
electromagnetic field at each electric dipole includes the incident
field but also the scattered fields by other surrounding dipoles.
The SDDA model is applied to the DLCA-simulated SFAs described
above as follows.

The complex refractive index of soot depends on the thermody-
namic conditions during formation (pressure, temperature, humid-
ity) and on the chemical composition, which is mainly determined
by the type of combustion and fuel (e.g. diesel, biofuel). To per-
form broadband calculations, a dispersion law is used to model the
spectral complex refractive index m(1), given in Fig. 1 [41]. The real
and imaginary part of m(A)=n(1)+ix(A) of soot is represented in
Fig. 1.

The accuracy of the SDDA model is determined by the fineness
of the discretization lattice, i.e., the dipole-dipole spacing, d, should
be smaller than the wavelength A in the material [39]. Draine pro-
vides the criterion mkd < 1 where k is the wavenumber k=27 /A
[42]. For extinction calculations, this criterion was evaluated and
mkd was found to be smaller than unity at each wavelength within
the broadband spectrum. Moreover, the SDDA model is especially
sensitive to the dipole-dipole spacing for scattered intensity into
the backscattering direction. For backscattering calculations, the
dipole-dipole spacing d should be decreased to become smaller
than the spacing required for extinction. The backscattered inten-
sity from SDDA for a sphere was compared to Lorenz-Mie theory to
adapt the dipole-dipole spacing for backscattering. The estimated
maximum value of the spectral error is below 5% with the SDDA
model for a sphere with the complex refractive index of soot.
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Table 1

Structural parameters and aggregate morphology for the chain-like and compact soot aggregates.

Chain-like aggregates

Compact aggregates

Structural parameters Dy 1.8
N 90

R 20 nm
Aggregate morphology

120 nm

2.39
4275
20 nm

120 nm

2.3. Broadband lidar-relevant parameters

The spectral extinction cross-sections Cexs [nm?] and spectral
backscattering cross-sections Cpqq [nm? sr—!] are computed us-
ing the SDDA model for chain-like and compact aggregates over
the broadband spectral range of 400-5000 nm. The calculations are
carried out with a total of 500 wavelength spread evenly over the
spectral range.

In Fig. 2, the extinction and backscattering cross-sections in-
crease with the number of monomers and decrease with increasing
the wavelength. This is consistent with previously reported values
for the differential scattering cross-section [32]. Moreover, the ex-
tinction and differential scattering cross-section are known to be
proportional of the number of monomers per aggregate from the
Rayleigh-scattering model developed for fractal aggregates [43].
Also note that both cross-sections of chain-like and compact ag-
gregates display an overall decrease with increasing wavelength.
Regarding the extinction, the values of the broadband Ce; for the
two aggregates present a ratio close to 47.5 which corresponds to
the ratio between the monomers number for compact and chain-
like aggregates. For the backscattering, the values of the broadband
Cpaer for the two aggregates present a ratio close to 47.52, which
corresponds to the squared ratio between the monomers defined
above. Our results indicate that the extinction cross-sections are
directly proportional to the N whereas the backscattering cross-
sections is proportional to N2

3. Assessment of equivalent-spherical model

This section assesses the ability of different equivalent-sphere
models to reproduce the broadband backscattering and extinction
cross sections for SFAs.

3.1. Definitions

The use of equivalent-spheres for optical properties is com-
mon practice in remote sensing because spheres both have the
simplest geometry and well-known optical properties, i.e. scatter-
ing by spheres is solved analytically as Mie theory. When a non-
spherical particle is modeled as a spherical particle, only two of
the relevant physical parameters (the radius and complex refrac-
tive index) are used in the Mie theory surrogate. This simple ap-
proximation, referred to as either the equivalent-sphere model or
the equivalent-sphere approximation shows several limitations. Al-
though equivalent-spheres can reproduce the radiative properties
of ice crystal cloud in the infrared, some care is needed when con-
sidering backscattering directions, which is highly dependent on

Table 2
Equivalent sphere radii for volume, surface, and gyration approximation respec-
tively.

Chain-like aggregate = Compact aggregate

Equivalent sphere radii Ry 90 nm 325 nm
Rs 190 nm 1308 nm
R; 211 nm 591 nm

the degree of anisotropy of the aggregates [44]. In addition, it was
shown that the equivalent-sphere model of hexagonal ice crys-
tals underestimates the broadband solar albedo of cirrus clouds
because of the sphere’s stronger forward scattering compared to
hexagonal crystals [45].

Let us define the different equivalent-sphere radii for fractal
aggregates. Hereafter, the results using SDDA will be referred as
SFA, whereas those using the equivalent-sphere approximation will
be referred as Ry, Rs, Rg, respectively, depending on whether the
equivalent volume, sphere, or gyration radii are used. The different
equivalent sphere radii are given in Table 2.

Ry = (N)3 Rn
Ry = (N)?Rp,

1
N\ °r
R = — R
r(kf)m

In the following, the extinction and backscattering cross-
sections for the equivalent-sphere approximations were computed
with the Lorenz-Mie theory using the MIEVO code [46] using the
different equivalent radii displayed in Table 2.

3.2. Extinction cross-sections

In this section, extinction cross-sections were calculated using
the SDDA model for SFA and Lorenz-Mie theory for the associated
equivalent-spherical models. The same spectral complex refractive
index was used as that in Section 2.2.

For the chain-like aggregate (Fig. 3), numerical computation
with Rs; or Ry leads to an overestimation of the spectral extinc-
tion cross-section computed with SFA for the complete spectrum.
The value of Cex computed at A =800nm for the SFA is approx-
imately ten times smaller than that computed under the Rs; and
R equivalent-sphere assumptions. Regarding the spectral extinc-
tion cross-sections computed with Ry, this approximation provides
results in close agreement with the SFA results.

For the compact aggregate (Fig. 4), the spectral extinction cross-
section computed with Rs or Rz do not exhibit significant varia-
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Fig. 2. Extinction and backscattering cross sections, Cey and Cpqae respectively, for
the chain-like (blue, continuous line) and compact (green, dashed line) aggregate
are represented by continuous line dash lines, respectively.
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Fig. 3. Extinction cross-sections Cey of chain-like aggregate using fractal aggregate
geometry (SFA, blue dots), volume (R,, green solid line), surface (Rs, red dashed
line), and gyration (Rg, orange dash-dotted line) equivalent radii.
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Fig. 4. Extinction cross-sections Cex of compact aggregate using fractal aggregate
geometry (SFA, blue dots), volume (Rv, green solid line), surface (Rs, red dashed
line), and gyration (Rg, orange dash-dotted line) equivalent radii.

tions with A over 400-5000nm unlike the chain-like aggregate.
Also note that the results for R; overestimate those associated with
SFA. For A < 800nm, the spectral extinction cross-sections com-
puted with R, and Rg are in close agreement with the SFA results.
This agreement strongly varies with the considered wavelength.
Different results are obtained in the large-wavelength region for
A > 800nm where the extinction cross-sections are better repre-
sented by R,.

Overall, no sphere approximation can correctly describe the ex-
tinction cross-sections over the broadband spectrum. Only the vol-
ume equivalent-sphere approximation (R,) comes close, and only
in the infrared part of the spectrum. This behavior is explained
by the fact that soot exhibits strong absorption in the infrared,
which is directly related to the total volume of the aggregate [47].
As a result, when absorption dominates in extinction, the volume
equivalent-sphere approximation provides the best result of the
sphere surrogates considered. In the visible however, where SFAs
exhibit both absorption and scattering, equivalent-sphere approxi-
mations should be used with great caution for these two studied
SFA.

3.3. Backscattering cross-sections

In this section, backscattering cross-sections were calculated us-
ing the SDDA model for SFAs and Lorenz-Mie theory for the as-
sociated equivalent spheres. The same spectral complex refractive
index was used as that in Section 2.2.

For the chain-like aggregate (Fig. 5), Mie oscillations are shown
from 400-2000 nm for the Ry and Ry approximations. These oscilla-
tions occur at different wavelengths depending on the equivalent-
radius to wavelength parameter. The backscattering cross-sections
computed under the Rs and Ry approximations are close to the re-
sults computed by SFA for small wavelength (A < 1000 nm). The
results using the Rs and Ry approximations remain twice as large
as the SFA results for large wavelengths (A > 1000 nm). Only the
Ry approximation is in agreement with the SFA results for large
wavelength in the infrared.

For the compact aggregate (Fig. 6), Mie oscillations also appear
from 400-5000nm for all approximations schemes. This leads to
significant variations of the spectral extinction cross-section un-
der the equivalent sphere approximation from the SFA results. It
is worth noting that the results associated with Ry and Rg overes-
timate the SFA backscattering cross-sections. Yet, between 3000-
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Fig. 5. Backscattering cross-sections Cyqe Of chain-like aggregate using fractal ag-
gregate geometry (blue dots) for volume (R,, green solid line), surface (R, red
dashed line), and gyration (Rg, orange dash-dotted line) equivalent radii.
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Fig. 6. Backscattering cross-sections Cp,q Of compact aggregate using fractal aggre-
gate geometry (SFA, blue dots) for volume (Ry, green solid line), surface (R, red
dashed line), and gyration (Rg, orange dash-dotted line) equivalent radii.

5000 nm, the spectral backscattering cross-sections computed with
R, are in close agreement with the SFA results. Different results
are obtained for A < 3000nm where no equivalent sphere radius
approximates the SFA backscattering cross-sections.

In summary, the equivalent-sphere approximation gives poor
results in terms of computing the backscattering cross-sections for
the SFAs considered. Only R, approximation is acceptable for A >
4000 nm. Hence, according to our simulations, the Cp,y is more
sensitive than Cey to the shape of the aggregate considered than
the extinction cross-section. This is explained because Cp,y corre-
sponds to the differential scattering cross-sections at 180° whereas
Cext is an angularly integrated quantity.

4. Discussion
From our results, cross-sections relevant to lidar, ie. extinc-

tion and backscattering, appear to strongly depend on the mor-
phology of the SFAs. Although approximations often provide valu-

able insight into physical processes in light-scattering, our re-
sults highlight that the concept of the equivalent-sphere approx-
imation should be used carefully, only over restricted spectral
ranges. Moreover, the choice of equivalent radii clearly impacts, in
a different manner, both the extinction and backscattering cross
sections.

The extinction cross-section refers to the reduction of the
power received by a detector facing the incident wave when a par-
ticle is present in the optical path compared to when the parti-
cle is absent. Thus, the volume is expected to be the major fac-
tor contributing to the extinction cross-section of a small particle
when absorption is important. The key for computing the extinc-
tion cross-section under the equivalent sphere approximation is to
choose the right equivalent radii to reproduce the correct scatter-
ing quantity. Our results show that as long as the volume of the
aggregate is conserved, the volume equivalent sphere is a better
approximation to compute the extinction cross-section, especially
in the infrared where the absorption of soot is high, whatever the
fractal-like geometry, i.e. chain-like or compact.

However, the equivalent-spherical models may be more difficult
to apply to compute the backscattering cross-sections of SFAs. The
latter refers to the backscattering part of the differential scatter-
ing cross-section, which highly depends on the geometry of the
particle [48]. As the particle geometry largely affects the differen-
tial scattering cross-section [32], the backscattering cross-sections
is expected to depend sensitively on the detailed geometry of the
aggregate. Our results highlight that equivalent-sphere models fail
to reproduce the lidar cross-sections over a broadband spectrum.
Obviously, substituting a fractal-like aggregate for a sphere is an
extreme modification of the original-particle shape, substantially
changing the scattered electromagnetic fields, and thus, the cross
sections.

A general feature can be highlighted: among the different
equivalent radii that can be used to approximate the lidar cross-
sections, the equivalent volume radius (R,) seems to be a much
better parameter, especially for large wavelengths where absorp-
tion is important. On the whole, using equivalent surface or gyra-
tion radius (Rs or Rg) leads to overestimation, by several orders of
magnitude, of both extinction and backscattering cross sections re-
gardless of the fractal dimension. This overestimation is seen for
most wavelengths in the range considered, especially small wave-
lengths. Such behavior can be explained by the ratio between the
aggregate size and the wavelength. At large wavelength, interac-
tion with the incident wave occurs largely without sensing the
fractal details of aggregates: the whole aggregate scatters as a
volume equivalent-sphere. Conversely, interaction at short wave-
length does sense the detailed aggregate structure. The morphol-
ogy of aggregates thus has a strong impact on the lidar cross-
sections when the wavelength approaches the size of aggregate as
one would expect. This explains why there is no appropriate equiv-
alent sphere approximation for soot fractal aggregates at small
wavelength.

The equivalent-sphere model applied to fractal aggregates has
a highly limited capacity for calculating lidar cross-sections, espe-
cially backscattering. Furthermore, no equivalent-sphere approxi-
mation should be used as a substitute for broadband lidar cross-
sections. This is particularly true for backscattering cross-sections
at small and intermediate wavelengths (e.g. near UV and visi-
ble) where scattering is important. In the infrared, one may con-
sider the volume equivalent-sphere approximation for backscatter-
ing cross-sections. These results remain valid for SFAs with compa-
rable sizes however, for larger aggregates the equivalent spherical
model should be used even more cautiously. The negative conse-
quences for lidar inversion techniques are likely beyond the scope
of this work, but one should use great care when implementing
them in lidar aerosol-retrievals.
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5. Conclusion

The ability of different equivalent-sphere models to reproduce
the extinction and backscattering cross sections of soot aggregates
was investigated over a broadband range of wavelengths (400-
5000nm). A set of numerical computations were performed with
a spectral DDA model on a chain-like and compact soot aggregates
to assess the validity of these approximations . This is of crucial
importance in the field of lidar remote sensing and retrieval of
aerosol microphysical parameters from lidar signals. It has been
shown that the volume-equivalent spherical radius is a quite good
parameter to represent the extinction cross section of soot aggre-
gates, over the majority of the spectral range considered. On the
contrary, the backscattering cross section is much more sensitive
to the value of the size parameter. These results could have signifi-
cant implications on the development of inversion methods involv-
ing soot aggregates.
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