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Aspect ratio effects in Rayleigh-Bénard convection of

Herschel-Bulkley fluids

Abstract

Purpose — The purpose of this paper is to analyze two dimensional steady state Rayleigh-Bénard
convection within rectangular enclosures in different aspect ratios filled with yield stress fluids
obeying the Herschel-Bulkley model.

Design/methodology/approach — In this study, a numerical method based on the finite element has
been developed for analyzing two dimensional natural convection of a Herschel-Bulkley fluid. The
effects of Bingham number Bn and power law index n on heat and momentum transport have been
investigated for a nominal Rayleigh number range (5 * 103 < Ra < 10%) , three different aspect
ratios (ratio of enclosure length:height AR = 1,2,3 ) and a single representative value of nominal
Prandtl number (Pr = 10).

Findings — Results show that the mean Nusselt number Nu increases with increasing Rayleigh
number due to strengthening of convective transport. However, with the same nominal value of Ra
the values of Nu for shear thinning fluids n < 1 are greater than shear thickening fluids n > 1 . The
values of Nu decrease with Bingham number and for large values of Bn , Nu rapidly approaches to
unity which is indicated that heat transfer takes place principally by thermal conduction. The effects of
aspect ratios have also been investigated and results show that Nu increases with increasing AR due
to stronger convection effects.

Originality/value — Finite element analysis of viscoplastic fluids. Analysis of Rayleigh-Bernard flows
involving Herschel-Bulkley fluids for a wide range of Rayleigh numbers, Bingham numbers and
power law index. Study on the effects of aspect ratio on flow and heat transfer of Herschel-Bulkley
fluids.
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Paper type: Research paper.

1. Introduction

Viscoplastic fluids are characterized by a yield stress, the existence of a “yield stress™ is traditionally
recognized to be responsible for the complicated transition between classical solid-like and liquid-like
behavior. If the material is not sufficiently stressed, it will not deform and behaves like a solid, but
once the yield stress is exceeded, it will deform and flow according to different constitutive relations.
Several systems and industrial processes are based on viscoplastic fluid behavior such as blood,
drilling mud, mayonnaise, toothpaste, grease, and some lubricants. There are three ideal models based
on viscoplastic model, the Bingham plastic, the Herschel- Bulkley model, and the Casson model
(Mitsoulis 2007). Heat transfer analysis and especially convection had been one of the interesting
parts of viscoplastic research works in last decades because of its applications, such as Nouar studies
about combined forced and free convection heat transfer of a yield stress fluid (Nouar 2005) and
thermal convection for an incompressible Herschel-Bulkley fluid along an annular duct (Nouar et al.
1998). In this field instability of necking processes for an elasto-viscoplastic lithosphere has been
studied by Regenauer-Lieb and his co-worker (Regenauer-Lieb & Yuen 2000) and also, Soares et al.
(Soares et al. 2003) have analyzed heat transfer in the entrance-region flow of Herschel-Bulkley fluids
inside concentric annular spaces. Despite the number of researches carried out, information about
natural convection process within a square enclosure containing viscoplastic material (especially for
Herschel-Bulkley and Casson models) is still very scarce.

Rayleigh-Bénard convection as an important part of heat transfer has been investigated by some
researchers. Actually Rayleigh-Bénard is a type of natural convection and occur in a fluid layer due to
a horizontal temperature gradient, when the lower wall is heated and the upper wall cooled. First
studies on this problem were motivated by the Bénard’s experiments around 1900 (Bénard 1900) who
considered the stability of a fluid layer heated from below. A linear stability analysis was proposed in

1916 by Lord Rayleigh (Rayleigh 1916) underlying the buoyancy driven source of instability. The



first chapters of Chandrasekhar’s book (Chandrasekhar 1961) present the linear theory within the
Boussinesq approximation. Non-linear approaches were reviewed in(Busse 1978; Newell et al. 1993).

In the case of Newtonian and power law fluids, Aghighi et al. (Aghighi et al. 2013) solved
transient and steady state Rayleigh-Bénard convection using the Proper Generalized Decomposition
(PGD) method. They also analyzed the effects of nanoparticle’s temperature and diameter on
Rayleigh-Bénard convection of Nano-fluids (Aghighi et al. 2015). Before that, the RB convection
along the isochore of nitrogen has been numerically studied by Shen and his co-worker (Shen &
Zhang 2012) using the SIMPLE algorithm. The other numerical study has been done by Kao and
Yang (Kao & Yang 2007). They used the lattice Boltzmann method to simulate the oscillatory flows
of the secondary instability in 2D Rayleigh-Bénard convection. The steady state condition of two-
dimensional Rayleigh-Bénard Convection was analyzed by Ouertatani et al. (Ouertatani et al. 2008)
using finite volume method. There are also some experimental works such as Maystrenko et al.
(Maystrenko et al. 2007) research about measurements of the temperature distribution in the upper
(cold) boundary layer of a rectangular Rayleigh-Bénard cell for air in large aspect ratios.

While for Newtonian and Power law fluids we can refer several research studies, in the case of
viscoplastic material there are no many research works especially for Herschel-Bulkley and Casson
models. In the case of Bingham fluids the effects of a fluid yield stress on the classical Rayleigh-
Bénard instability were examined by Zhang and his co-workers (Zhang et al. 2006) and Vikhansky
(Vikhansky 2009) considered the effect of yield stress on the Rayleigh-Bénard convection of a
viscoplastic material. A numerical analysis based on Fluent for Rayleigh-Bénard convection and
Bingham model has been done by Turan et al. (Turan et al. 2012). Recently, the effects of aspect ratio
on steady state Rayleigh-Bénard convection of Bingham fluids have been analyzed by Yigit et al.
(Yigit et al. 2015) using Fluent simulation. Finally in the field of experimental study, Darbouli and his
co-workers (Darbouli et al. 2013) have investigated the influence of rheological and interfacial
properties of yield stress fluids on the onset of the Rayleigh-Bénard convection.

Besides developing a powerful numerical method based on the finite element which can be used



for analyzing different types of viscoplastic fluids, this study also investigated the effects of aspect
ratio (AR = 1, 2,3) on steady-state natural convection of yield stress fluids obeying the Herschel-
Bulkley model within rectangular enclosures over wide ranges of conditions as: Rayleigh number,
5% 10% < Ra < 10°, Bingham number, 0 < Bn < Bn,,4, and power law index, 0.7 < n < Nyqy.

To the best of our knowledge, it has not been studied before and the results reported here are new.

2. Mathematical formulation

The case under consideration is the two dimensional steady natural convection of a Herschel-Bulkley
fluid, in a rectangular cavity (Figure 1). No-slip conditions are considered at walls. The cavity is
heated from below and cooled from above. It is assumed that the viscous dissipation terms are
negligible and fluid has constant properties (except the density changes which produce buoyancy
forces).

Assuming the Boussinesq approximation and using the characteristic scales H for length, uy =
(gﬁHAT)l/ 2 for the velocity, t, = H /uo for the time, and p, = pu3 for the pressure, the

dimensionless continuity, momentum and energy equations for Rayleigh-Bénard convection could be

written as:
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The steady state boundary conditions for this problem would be:



u = v = 0 at all walls

a0 L
—=0 atx:Oandx=E=1,2,3

0x (2)
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0=—-05aty=1
The Prandtl number, Pr, and Rayleigh number, Ra, defined by:

Ky

Pr = X
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The various dimensional quantities above are defined as follows: u, v, 8 and p are dimensionless
horizontal velocity, vertical velocity, temperature and pressure respectively. u is the dynamic
viscosity, C, is specific heat capacity, k is the thermal conductivity, g is the acceleration due to
gravity, 8 is the coefficient of thermal expansion, a is the thermal diffusivity, AT is the temperature
difference between hot and cool walls, v is the kinematic viscosity, T is the viscous stress and n is
power law index.

The dimensionless temperature 6 is defined by:

_ T-T, @
Ty —Tc

Where T, and Ty ( Ty > T ) are the temperatures enforced at the top and bottom cavity
boundaries, respectively, and T;. is a reference temperature: T, = (Ty + T¢ )/2.

The heat flux averaged over the hot wall is defined via the Nusselt number:

1
j 00
dy

0

The stress-deformation behavior of viscoplastic materials based on Herschel-Bulkley model is

(5)

given by:



(6)
y =0 for |tl<T

For i,j =1,2 with (x;,x,) = (x,y), where n is power law index, Bn Bingham number,

o 1
V= [3YijYijand T = f;TijTij :

The rate-of-strain tensor y;; is defined by:

Yij N 6x] 6xl- ( )

The dimensionless Bingham number Bn generally represents the ratio of yield stress to buoyancy

stresses but based on equations (1) and (6) the value of ( Pr.Ra )_n/ 2 should be added to it so:

= Yy Y
Bn = (Pr.Ra) zpﬁgATH (8)

Papanastasiou modifications method (Papanastasiou 1987) can be applied to Herschel-Bulkley
model to avoid discontinuity between yielded and unyielded regions. He proposed an exponential

regularization of stress equation. based on this model equation (6) would be rewritten as:

o Bn(1 —exp(—my \ .
Ty = (Vn L+ ]./ )Yij ©)

where m is regularization parameter and controls the exponential rise in the stress at low rates of
strain.

While this model has been used by many researchers to analyze viscoplastic problems there are also
other regularization techniques which circumvent the discontinuity inherent in these materials. The
one which has gained wide acceptance in the literature is bi-viscous model. In this model, the
unyielded material is assigned a very high value of viscosity. Comparison between the predictions of
the yielded/unyielded regions using the two regularization techniques shows that the bi-viscous model
is unable to identify the small unyielded regions as captured by the Papanastasiou regularization

technique (Sairamu et al. 2013). However, these minor differences in the identification of yielded and



unyielded regions by the two techniques have very little influence on the value of the Nusselt number

(Sairamu et al. 2013; Turan et al. 2012).

3. Numerical analysis

A numerical code based on the finite element method with quadrilateral, eight nodes elements was
developed to solve the coupled conservation equations of mass, momentum and energy related to the
two dimensional steady state Raleigh-Bénard convection within rectangular enclosures. When we
proceed to the discretization of the weak form related to equation (1) some stability conditions must
be ensured. One of them concerns the so-called LBB condition that restricts the free choice of
pressure and velocity approximations. As in Aghighi et al. (Aghighi et al. 2013) in what follows we
consider a penalty formulation of the incompressibility constraint. Thus, the equation (1) can be

rewritten as below:

ou dv 1

a+@+1p =0

ug—z+vg—;+g—i= Pr%RanT_z<%+%>
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Where A is a large enough constant. In this set of equations all variables are on the left side, but
the stress terms on the right. The values of stress assumed to be known when the momentum
equations analyzed. Initial values of velocity were considered to calculate shear rate and stress terms.
Then, using the obtained values of stress and solving equations (10) the new values of velocity were
computed. These new values were used to recompute stress terms and the process repeated until the
values of velocity and temperature converge. It should be indicated that the numerical analysis of
equations (10) in this format is not stable so the Laplace values of velocity were added to both sides of

momentum equations these values does not affect the results but make the equation stable. The CPU



time shows that this convergence is very fast with an average of 400 second (Running on Mac 2.9
GHz Intel Core 15 and after about 1500 iteration). Using this method Rayleigh-Bénard convection has
been analyzed successfully for viscoplastic fluids based on Herschel-Bulkley model in an enclosure

with three different aspect ratios and results are presented below.

4. Results and discussion

4.1.  Numerical method validation

Mesh convergence studies for each aspect ratio separately and based on the results, the meshes consist
of 1825, 2133 and 2465 nodes have been used for AR=1, 2, 3 respectively.

The convergence of the solutions was checked by varying the penalty and regularization parameters.
Results show that the Nu value converges within 0.1% by varying A from 103 to 10* and by varying
m from 102 to 103. In the following, all results are obtained for A = 10* and m = 103.

To validate the numerical method Rayleigh-Bénard convection for Newtonian (n = 1,Bn =
0,AR = 1) and Bingham (n = 1, AR = 1) fluids was solved and the results compared with previous
research works.

In the case of Newtonian fluids the results are compared with (Ouertatani et al. 2008) for several
Rayleigh numbers and in all cases very good agreement can be determined. Results of Bingham fluids
are compared with (Turan et al. 2012) where the Fluent base solution of Rayleigh-Bénard convection
for Bingham fluids could be found. Results of non-dimensional velocity u , non-dimensional
temperature 8 and mean Nusselt number Nu for Ra = 5 * 10* and pr = 10 are shown in figure 2

where the line shows the results of the present study and points show the Turan results.

4.2.  Velocity and temperature
Due to the large number of results and to summarize, the results of velocity and temperature are only
presented for mid-range Rayleigh number (Ra = 5 * 10%).

One can see the effects of power law index in figure 3 where the variations of non-dimensional



velocity v and temperature 6 along the horizontal and vertical mid-planes of the cavity are shown for
different values of Power law index n at AR = 1,2, 3 and Bn = 0.5. On the other hand, the effects of
Bingham number are presented in figures 4 and 5 for shear thinning (n = 0.85) and shear thickening
(n = 1.05) viscoplastic fluids respectively. It should be noted that while the power law index greater
than one may not present real fluid behavior but the mathematical results are still considered to
demonstrate the advantages of the present numerical method for solving the nonlinear complex
models in critical conditions (critical power law index).

Comparing the results of figures 3-5 show that the magnitude of velocity increases with increasing
AR due to stronger convection force there are also more maximum (and minimum) points of velocity
because of more convection rolls in the enclosure where the numbers of convection rolls are equal to
the value of aspect ratio. It should be noted that the vertical mid-plane of the enclosure passes through
the center of convection roll when AR = 1 and 3, but from the boundary of them when AR = 2 so
different distribution of the temperature can be seen.

One can see that the magnitude of velocity and non-linearity of temperature distribution decrease
with increasing power law index (or Bingham number) indicating weakening of convective thermal
transport due to the additional flow resistance and this trend strengthens with increasing power law
index (Bingham number) cause flow tend toward the rest condition and temperature towards the linear
variation with x/L which is indicated that the relative contribution of thermal conduction to the
overall heat transfer increases with increasing power law index (Bingham number).

For high value of power law index (Bingham number), the viscous forces overcome the buoyancy
force and as a result of this, the heat transfer is due to thermal conduction and there is no significant
flow within the enclosure. One can find this result from figures 3-5 where the temperature distribution
becomes linear and the magnitude of velocity converge to zero. For linear distribution of temperature,
the mean Nusselt number approach to unity which means that the heat transfer is due to thermal
conduction. The value of power law index or Bingham number at which Nu approaches to Nu = 1 is

defined as critical power law index (n,,,, ) or critical Bingham number ( Bn,,,,). Comparing the



results from figures 3-5 show that the value of n,,,, or Bn,,,, increases with increasing AR due to
the stronger convection force which can overcome the flow resistance up to greater values of power
law index (Bingham number). More details about heat transfer and mean Nusselt number are

presented in the next section.

4.3.  Heat transfer (Nusselt number)

The results are presented in two parts. First, the effects of power-law index n are shown for three
selected Bingham numbers (non-yielded fluids, middle range and close to the critical Bingham
number). Then the effects of Bingham number Bn are presented for three power law index: n = 0.85
(middle range of shear thinning fluids n < 1), n = 1 (Bingham fluids) and n = 1.05 (close to the
critical power law index for Bn > 0).

The variation of mean Nusselt number Nu with Power law index n is shown in figure 6 for Ra = 5 *
103 (with selected Bingham numbers: Bn = 0, 0.04, 0.08) and for Ra = 10* (with selected Bingham
numbers: Bn = 0, 0.1, 0.2). Same results are presented in figure 7 for Ra = 5 * 10* (Bn = 0,0.5,1.0)
and Ra = 10° (Bn = 0,0.75,1.5). It can be seen that the maximum of the mean Nusselt number
occurs in shear thinning fluids where n = 0.7. The mean Nusselt number decreases with increasing
power law index which indicates that convective thermal transport has been weak due to augmented
viscous resistance. While for non-yielded power law fluids (Bn = 0) the value of mean Nusselt
number decreases gradually (and so it is limited to the amount proportional to n = 1.18) for
viscoplastic fluids, the value of mean Nusselt number rapidly approaches unity Nu = 1 when power
law index increases as thermal conduction becomes the dominant mode of heat transfer.

The variation of mean Nusselt number Nu with Bingham number Bn is shown in figure 8 for
different values of power law index (n = 0.85,1,1.05) and aspect ratio (AR = 1,2,3) at Ra =5 *
103,10* and same results are presented in figure 9 for Ra = 5 * 10%,10°. It can be seen that the
maximum of the mean Nusselt number occurs in non-yielded fluids where Bn =0 and for

viscoplastic fluids Bn > 0 the mean Nusselt number decreases with increasing Bingham number.



Comparing the results of figures 6-9 show that for a given set of values of Ra,n and Bn, the value of
mean Nusselt number increases with increasing aspect ratio because the strength of the convection
rolls increase with increasing AR, which can improve the quality of the heat transfer within the
enclosure, as a result of this, there is an extended range of power law index (Bingham number) for
convective transport in the cavity before dropping to Nu = 1. Results of different Rayleigh numbers
show that the mean Nusselt number increases with increasing Ra because of stronger buoyancy
effects which can surpass the yield stress effects. It can also be seen that for shear thinning fluids
(n < 1) the effects of Bingham number on heat transfer decrease with decreasing Rayleigh number.
Results show that the mean Nusselt number decreases with increasing power law index (Bingham
number) and for large value of power law index n > n,,, (Bingham number Bn > Bn,,,, ) the value
of mean Nusselt number rapidly approaches unity Nu = 1 as thermal conduction becomes the
dominant mode of heat transfer. Comparing the results of different Rayleigh numbers and aspect

ratios show that the values of n,,,, and Bn,,,, increase with increasing Ra and AR.

5. Contours of temperature and velocity vectors

Figures 10 and 11 show contours of non-dimensional temperature 8 and velocity vectors for three
different values of aspect ratio (AR = 1,2,3) and power law index (n = 0.85,1,1.05) at Ra = 5 = 10*
and Bn = 0.25. The black lines in these figures show the plug regions (TUR and AUR) where
T < T,. The truly unyielded regions (TUR) move with a plug velocity profile (no deformation), and
the apparently unyielded regions (AUR) are in the corners, where the velocities are very small, so the
area behaves as stagnant, and no deformation occurs(Mitsoulis 2007). One can see that the isothermal
lines become more curved and plug regions decrease with decreasing n because of the low viscosity
effects. Furthermore, the number of convection rolls within the enclosure change with AR and thus the
qualitative nature of isothermal line and velocity vectors have also changed with AR. It can be

observed that increase in AR generally decrease plug regions due to stronger convection effects.



6. Conclusions

In this study a finite element numerical code has been developed for analyzing two dimensional
steady state natural convection of viscoplastic fluids obeying the Herschel-Bulkley model within
rectangular enclosures heated from below and cooled from above at constant temperature.

The effects of Bingham number Bn , power law index n and aspect ratio AR (length: height) on
heat and momentum transport have been investigated in the nominal Rayleigh number range (
5 %103 < Ra < 10°) for a single representative value of nominal Prandtl number (Pr = 10). Results
show that the mean Nusselt number Nu increases with increasing Rayleigh number due to stronger
convection effects and decreases with increasing power law index because of strengthening viscous
forces. For a given set of values of the Rayleigh number Ra and power law index n the mean Nusselt
number Nu is found to decreases with increasing values of the Bingham number. Results show that
for a large value of power law index (n = n,,,,) or Bingham number (Bn = Bn,,,,) the value of
mean Nusselt number rapidly approaches unity (Nu = 1) which means that the dominant mode of
heat transfer in the enclosure is thermal conduction. The values of n,,,, and Bn,,,, depends on Ra ,
and increase with increasing Ra due to stronger convection effects. The effects of aspect ratio on
momentum and thermal transport have also been investigated in detail. The number of convection
rolls and mean Nusselt numbers are found to increase with increasing AR for a given set of values of
Ra and power law index n. Results also show that for shear thinning fluids (n < 1) the effects of

Bingham number on heat transfer decrease with decreasing Rayleigh number.
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Figure 1: Schematic diagram of the physical model and coordinate system.
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Figure 2: Variations of non-dimensional velocity u, non-dimensional temperature § and mean Nusselt number
Nu for Bingham fluids at Ra = 5 % 10* and pr = 10 (line: present study, points: Turan study).



0.4 0.5
AR=1
0.3/B=0 0.4 B=0.5
0.3
0.2 n=
02 [.11-1.07-1-0.85-0.7

-0.2 -
nT 03}
0.3 0.7-0.85 -1
1.07 - 1.11 04r
-0.4 L L L 4 -0.5 L L L L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
z/L y/H
(a) (b)
0.4}
0.3}
0.2}
0.1
>
0
-0.1
0.2 n=
0.3 0.7 -0.85-1
1.08-1.13
_04 L L L L i
0 0.2 0.4 0.6 0.8 1
z/L
(c)
0.5 05
. AR=3
0. B=0.5
0.3 n=
1.14-1.09-1-0.85-0.7
02k
011
> 0 <~ Of

n=
0.7-0.85-1
1.09 - 1.14

-0.5 L - L . ! -0.5
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 3: Variations of non-dimensional velocity v and temperature 6 with power law index n along the
horizontal and vertical mid-planes for three different values of aspect ratio (AR = 1,2,3) at Ra = 5 * 10*
and Bn = 0.5.
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Figure 4: Variations of non-dimensional velocity v and temperature 6 with Bingham number Bn along the
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and n = 0.85.
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Figure 5: Variations of non-dimensional velocity v and temperature § with Bingham number Bn along the
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and n = 1.05.
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Figure 6: Evolution of the mean Nusselt number with the power law index for three different values of aspect
ratio and Bingham number at Ra = 5 % 10 (left) and Ra = 10* (right).
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Figure 7: Evolution of the mean Nusselt number with the power law index for three different values of aspect
ratio and Bingham number at Ra = 5 % 10* (left) and Ra = 10° (right).
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Figure 8: Evolution of the mean Nusselt number with the Bingham number for three different values of
aspect ratio and power law index at Ra = 5 10% (left) and Ra = 10* (right).
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Figure 10: Contours of non-dimensional temperature § and velocity vectors with plug regions (shown with
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T T

T

2__ m

~___ _

(a) AR=3,n=0.85

r

PR

00

T T T T T DA

PPLEEELETTHT T &

ll—r -.

=__=., -

_____é;,.

.':":_—_

;-‘-“-“ ‘-
il
\: 1
-ici\ n

e

I!O!\\ "

" \\\

et

,r ...v-v.a‘\‘\;\\‘\ \ \

s rhe

LEXE LR A2 AR

L | J J

»>

,nm=1

3

) AR =

b

(

T T T l T T T A
» e .‘...'.""‘r/”“-
=
1 ‘ \\ \i".‘ 4
s\\\\ d = | _“.
=:\ ..: '= 1 _n.
— . .:L _== _ i
g s e
[y L: i \ \ !
) ‘7aaiiinla§\ L 1]
A\ : i
-— / /"‘ r X4 .
“w. / 7 aaan S S LY ”.
F — ‘ o , "-u
I N R
il . u/ 1|
_ R L :
in:iﬁz_ I
I P
/ ‘“ h_ /] | "“.
”/ by f ___“..
AS S S SN ¥ \\“
P
/ S\ 1,
/Ay 1
_:xs.ﬁu_ Iy
AV ___“____... i
KRN AR | 1
o
AN et e
. Nvesstiilifiifl..
Wt i&i&i\\\\@ [] !
S W\ ‘
.. L X\ ‘it d Al d v IHI

=1.05

AR=3,n

(c)

(shown with
) at Bn = 0.25 and

1.05

?

n = 0.85,1

3 and three different values of power law index (

for AR =

)

Figure 11: Contours of non-dimensional temperature 6 and velocity vectors with plug regions
=5x10%

black lines

Ra





