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CONTROL OF HYPERBOLIC AND PARABOLIC EQUATIONS ON NETWORKS AND
SINGULAR LIMITS

JON ASIER BARCENA-PETISCO, MARCIO CAVALCANTE, GIUSEPPE MARIA COCLITE, NICOLA DE NITTI,
AND ENRIQUE ZUAZUA

ABSTRACT. We study the controllability properties of the transport equation and of parabolic equations
posed on a tree. Using a control localized on the exterior nodes, we prove that the hyperbolic and the
parabolic systems are null-controllable. The hyperbolic proof relies on the method of characteristics, the
parabolic one on duality arguments and Carleman inequalities. We also show that the parabolic system may
not be controllable if we do not act on all exterior vertices because of symmetries. Moreover, we estimate the
cost of the null-controllability of transport-diffusion equations with diffusivity e > 0 and study its asymptotic
behavior when € — 07. We prove that the cost of the controllability decays for a time sufficiently large and
explodes for short times. This is done by duality arguments allowing to reduce the problem to obtain
observability estimates which depend on the viscosity parameter. These are derived by using Agmon and
Carleman inequalities.

1. INTRODUCTION

In the past few decades, models based on partial differential equations have been very effective in tackling
many problems dealing with flows on networks (e.g. irrigation channels, gas pipelines, blood circulation,
vehicular traffic, supply chains, air traffic management — see [I1] for a survey of the topic).

In particular, linear advection-diffusion equations on graphs have been employed to describe the flow of a
fluid with a dissolved contaminant through a network of one-dimensional cracks (see [70]). Following [31], we
represent the network by a finite, directed, and connected graph G = (V, £) with vertices V = {v1,...,v,}
and edges € = {e1,...,em} CV x V. For every edge e € £, we define an incidence vector (n®),cy by

n®(v)=—-1 ife=(v,-), n°v)=1 ife=(,v), and n°w)=0 otherwise.

Here, n® plays the same role as the normal vector for problems in multi-dimensional domains. For any v € V,
we define the set of incident edges £(v) := {e € £ : n®(v) # 0}; we also distinguish between inner vertices
Vo :={v €V :|E()| > 2} and boundary or external vertices Vg := V\Vy. We suppose that for all v € Vg
there are ey, ez € £(v) such that n°(v) = —1 and n°?(v) = 1. We may model the proposed problem with
the system

aopyl + b0, ys — 2,y =0, in (0,T) xe, c€E,

ye(t,v) = ul(t), on (0,T) X Vs,

(1.1) yer(t,v) = y2(t,v), te (0,T), veV, Ver,es € E(v),
Decew)(bYE —€dpyl)n® =0, on (0,T) x Wy,
Y=(0,-) = o, on &,

with a® b, ¢ > 0 and for a fixed time-horizon T' > 0. Each edge is identified with a closed interval [z, Z.],
and the left end (resp. right end) is identified with the vertex v such that n¢(v) = —1 (resp. n¢(v) = 1).
We shall also use the notation y. := (y&*,...,ym) and u = (ul*,...,u’*), where k = |Vp| and m = |£|. The
boundary condition 3 is a continuity condition in the internal nodes and 4, implies that the flux of
the mass is null. Here, y¢ denotes the concentration of the contaminant and b° the flow rate in each edge of

the graph and u¢ is the boundary datum on each boundary vertex of the graph, which we may use as control.
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We additionally assume

(1.2) > bnf(w) =0,  veW,

ec&(v)

which is a balance relation for the flow across a junction. In addition to being an assumption used in
the parabolic energy estimate to annihilate the terms at junctions, condition is motivated by the
corresponding hyperbolic problem, for which it ensures that energy does not increase at junctions. Such
condition is also pivotal in proving the vanishing viscosity approximation result in [32].

sy e
- e H@

€5 €6

FIGURE 1. An example of tree with edges e; = (v4,v1), ea = (va,v4), €3 = (v3,v4), and
eq = (vs5,v4), €5 = (vg,0s5), eg = (v7,v5); inner vertices Vo = {v4,v5} (blue), and boundary

vertices Vo = {v1,v2,vs,v6,v7}. We split the set of boundary vertices into inflow and
outflow vertices: Vi* = {va,v3,v6,v7} (green) and V§“* = {v1} (red), respectively. The set

E(vg) = {e1,e2,e3,e4} denotes the edges adjacent to the junction vg. In a similar manner,
we can split the set £(vs) by £M(vs) = {e2,e3,e4} and E°%(vy) = {e1} into edges that
go into or out of the vertex vy. The arrows illustrate the flow direction. The non-zero
incidence vectors are n® (vy) = n®(vy) = n(vy) = n®(vq) = n(v5) = n%(vs) = 1 and
ne(vy) = n(vg) = n°(vy) = n(v5) = n®(vg) = n(vy) = —1.

In this paper, we study the appropriate boundary data (boundary control) in order to lead the solution of
the parabolic problem to rest; and, in particular, its behavior as the diffusivity parameter ¢ vanishes.
In other words, we are interested in controlling the solution of across the network and in studying the
cost of controllability as ¢ — 0T, i.e. as the solution of approaches the one of the hyperbolic problem

a0y’ + b0 y¢ = 0, in (0,T) xe, e€&,
ye(t,v) = u(t), on (0,T) x Vi,
(1.3) yer(t,v) = y°2(t,v), te(0,T), veV, Ver,es € EU(v),
Decgin(w) VYT =Y (V) Xcgout(n) b5 on (0,T) x Vo, e1 € £ (v),
y(0,+) = yo, on &,

where the contaminant does not undergo diffusion and is only driven by the (constant) velocity of the liquid
flow. Here, V4" are the vertices from which the flow is coming into the network (i.e. with just outgoing edges),
Vgut are the vertices where the flow goes out of the network (i.e. with just incoming edges), £™(v) are the
edges incoming into v, and £°!(v) are the edges outgoing from v (see Figure. The junction condition 3
expresses continuity of the concentrations exiting a junction, and 4 gives the conservation of the mass.
Throughout this paper, we will mainly consider tree-shaped networks (that is, networks without loops), an
example of which is given in Figure
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We remark that, in order to properly approximate the hyperbolic problem, at the parabolic level, we
needed to choose suitable complementary junction conditions (which amounts to picking a realization of the
Laplacian on graphs; see [69]). In particular, for the hyperbolic problem, the number of coupling conditions
at each junction v € Vy is [£°“!(v)|, which only suffices to guarantee conservation of mass at the junction
and to prescribe the concentrations at the outflow edges; on the other hand, for the parabolic problem, the
number of coupling conditions at each junction v € Vy is |€(v)|, which allows to guarantee continuity of the
solution and conservation of mass at the junction.

In order to obtain and understand the limiting behaviour of the controls for we study two additional
problems that have interest on their own.

e The first problem is the controllability of without the assumption . We show that system
(1.3) is controllable for a sufficiently large times, and not controllable for small times. In the process,
we show that determining the time from which the system is null-controllable is not a simple task
(compared to determining it in segments) since it depends on the geometry and metric of the network.
Moreover, in networks with loops, applying a null control may not be enough to take the solution to
rest. This problem has interest on its own since models an inviscid flow on the network.

e The second problem is the study of null-controllability of parabolic systems in network. In particular,
we study the controllability of

a®opy® — ped2, y° + be(t, x)0,y° + c¢(t, )y =0, in (0,T) x e, e €&,

ye(t,v) = u(t), on (0,T) x Vs,

(1.4) Yy (t,v) = y°2(t,v), te (0,T), veV, Vey e € E(v),
Dece(v) HOOzy e = (L, v)y(t, v), on (0,T) x Vo,
y(0,) = vo, on &,

which generalizes (|1.1)). Here, we assume infa,inf p > 0. We show that is null controllable
by acting on all the external vertices (except at most one); more surprisingly, it may not be null-
controllable if we just act on a smaller subset of the boundary vertices. This already allows to
determine the controllability of , and it has interest on its own since models diffusive
processes in networks.

Our main novel contributions can be then summarized as follows:

e By the method of characteristics, we control the hyperbolic problem (1.3]) to zero (for suffiently long
times) by acting on the incoming vertices and also discuss about the optimal time for which is
null-controllable, which is not as trivial in graphs as in segments.

e By H.U.M. (Hilbert Uniqueness Method, introduced in [61} 62]) and Carleman inequalities, we control
the parabolic problem to zero by acting on all the boundary vertices in Vy except at most one —
here, as explained later in Proposition we cannot steer the system to zero by just acting on fewer
vertices. We do it with a Carleman inequality, with the purpose that our results may also be useful
for researchers interested in bang-bang controls, inverse problems, the controllability of the semilinear
heat-equations, insensitizing problems, etc. (see [76]). Analogously, we also show a controllability
result by acting in the interior of a sufficient number of edges.

e We estimate on the cost of controllability for the parabolic problem , which depends on the
time-horizon: for small times, we prove the blow-up of the cost of controllability; for sufficiently long
time horizon, we prove its decay.

1.1. Flows on networks, control and singular limits. For conservation laws on R, the vanishing viscosity
limit as € — 0" of the uniformly parabolic viscous regularization

atys + a:cf(ye) = Eaggcya

is pivotal in Kruzkov’s well-posedness theory for entropy solutions (see [28] [46] for a modern exposition).
Vanishing viscosity limits of scalar conservation laws with degenerate (second-order) diffusion have also
been extensively studied (see [49, 47, [9], [48] and references therein). For zero diffusion-dispersion limits
approximating entropy solutions, we refer to the large body of literature starting with the papers [74], [58].
The problem of singular limits related to scalar conservation laws modeling traffic low on networks has
been addressed more recently in [22] B, 20, 2I]. The authors considered the vanishing viscosity approximation
of the traffic model (with constant or degenerate diffusivity) on a network composed by a single junction with
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n incoming and m outgoing edges. They proved that, under suitable coupling conditions in the junction,
the solution of the parabolic approximation exists and, as the viscosity vanishes, it converges to a solution
of the original problem (which is entropy admissible — in the sense of [3, [34]). In the context of Hamilton-
Jacobi equations, a convergence result for the vanishing viscosity approximation was established in [12] under
Kirchhoff-type conditions.

For linear transport equations, further results are available: in [32], suitable coupling condition that
guarantee conservation of mass, energy dissipation, and continuity are imposed and a vanishing viscosity
convergence result is established; on the other hand, in [40], the equations are coupled by transmission
conditions set at the inner node, which do not impose continuity on the unknown and, as the diffusion
coefficient vanishes, the family of solutions converges to the unique solution of the first order equations
and satisfies suitable transmission conditions at the inner node, which are determined by the parameters
appearing in the parabolic transmission conditions. In the present paper, we adopted the coupling conditions
of [32)].

The study of uniform controllability problems for singular perturbations of partial differential equations
started with the pioneering works [62, Chapter 3], [59} [60, 67, [66]. In the context of linear advection-diffusion
equations in the vanishing viscosity limit, the first result was obtained by Coron and Guerrero in [27], where
they made a conjecture on the minimal time needed to achieve uniform controllability. Then, the estimates
on this minimal time are improved in [36] with a complex analytic method. The result of [27] was also
generalized in several space dimensions and for non-constant transport speed in [41].

For nonlinear transport terms, the only available results have been obtained by Glass and Guerrero (see
[37]) for the Burgers equation in the vanishing viscosity limit and later generalized by Léautaud for more
general flux functions in [57]. As for other systems, several results have been recently obtained: for the Stokes
system (see [6]), for an artificial advection-diffusion problem (see [24, [25]), and for fourth-order parabolic
equations (see [I5] [68], [50]).

In the network setting, much fewer controllability results are available. The null-controllability of the heat
equation in trees with coefficients that depends on the space variable was established in [4]. In [29], the
controllability of several classes of PDEs on networks is considered (wave, Schrodinger, heat, beam, etc.): in
particular, in [29, Chapter 8.1] the heat equation with with Kirchhoff-type junction conditions is controlled
to zero by the action of a controller under suitable topological assumptions on the graph, which are needed as
their proof is based on the transmutation method. For the well-posedness, controllability, and stabilization of
several hyperbolic problems, we also point to [63,[62] 51} [54] and references therein (for models of thermoelastic
beams, linked plates, and plate-beam systems); and to [7, Chapter 1.15], [43] 45| [75] [30 42 [44] (for models
arising in water flow, gas transport, etc.).

However, results on the controllability in the singular limit on networks are, to the best of our knowledge,
still open. With the present paper, we aim to address this gap in the literature.

We remark that, in the case of zero dispersion limit, the uniform control properties of the linearized
Korteweg-de Vries equation equation were studied in [38]; subsequently, in [39], the authors addressed the
case of zero diffusion-dispersion. Recent work on the KdV equation with a vanishing parameter in the diffusive
term include [I3] [14]. On a star-graph, well-posedness and controllability results for KdV are also available
in the literature (see [16}, 19} 18] [2]), but the uniform controllability problem has not been addressed yet.

1.2. Outline of the paper. The paper is organized as follows.

In Section [2| we introduce the preliminary information on the function spaces used throughout the work
and present the known results on the well-posedness of problems and and on the convergence of
to (which have been obtained in [32]).

In Section we state our main theorems: a controllability result for the hyperbolic problem on a tree
(for sufficiently long times); a controllability result for the parabolic problem ; and an estimate on the
cost of controllability for the parabolic problem (which depends on the time-horizon) as the diffusivity
parameter vanishes. Moreover, we present some pathological cases to illustrate the sharpness of our results.

In Section [} we prove the controllability result for the transport equation on a tree by relying on the
classical method of characteristics: thanks to the flux conservation condition in , we are able to argue
analogously to the case of a bounded interval, where it suffices to take a null boundary control. We also show
that, using non-null boundary controls, we can control the system to zero in a shorter time-span.
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In Section we use a duality argument (H.U.M.) and Carleman inequalities to prove the null-controllability
for the parabolic problem with controls in the exterior vertices. We also prove that a similar result can
be obtained using controls localized in the interior of the edges of the network.

Sections [6] and [7] are dedicated to the singular limit problem. In the first one, we prove the blow-up of
the cost of controllability for the parabolic problem and, in the second one, we prove the decay (for
sufficently long time-horizon). Our strategy is based on the H.U.M. and, in particular, on the ideas of [27, 41].
To prove the blow-up, we rely on an Agmon-type inequality. For the proof of the decay, we need to establish
a decay property for the L2-mass of the adjoint system and a Carleman-type inequality.

Section [8] concludes the paper with some open problems for future consideration.

2. PRELIMINARIES

2.1. Function spaces on a network and parametrization of the edges. Each edge e € £ has a positive
length [¢ and we identify it with the interval (0,[¢). More specifically, we state the following lemma.

Lemma 2.1 (Edge parametrization in a tree). Let G = (V, &) be a directed tree. Then, each edge can be
identified with an interval [x€, x€ 4 1¢] such that for all v € V there is CV € R such that

{xe +1¢=C" Vee En(v),

2.1
@1) z¢=C" Ve € £°4t(v),

Proof. Lemma [2.1] can be proved with an induction on the number of edges. The base case, a tree with one
edge, is trivial. Let us then assume that the property is true for a tree of N vertices and let us prove that it
holds for a tree of N + 1 vertices. It is well-known that there is at least one vertex u with degree 1 and with
an edge e incident in some vertex v € V' \ {u}. The graph (V\ {u}, £\ {e}) satisfies the inductive hypothesis,
and thus we can identify those segments in a way that they satisfy . Thus, we just have to identify the
edge e. If e € £™(v), we might identify e with [CV — [¢,C"]. Otherwise, if e € £°“!(v) we might identify e
with [CV,C" 4 1¢]. O
Remark 2.1 (Parametrization of star-graphs). For a star-graph, we identify each edge e € £ (v) as [—1¢,0]
and each edge e € £ (v) as [0,1¢] .

FIGURE 2. An example of a star-graph (particular case of tree).

Throughout the paper, as in [32], we use the following notation for the space of square-integrable functions:
L*(&) := L?*(e1) x --- x L*(en) = {w : w® € L*(e), e € £},
with the norm and scalar product
Hw||2L2(s) = Z ||w6||2L2(e) and (w1, w2)r2(e) = Z(win)m(e)-
ecé ec&

Sometimes, we write [ wdz =) . [ w®dz. We also use the (piecewise) Sobolev space

Hy, (&) ={we L*(E€) :w® € H%(e), e € £},
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with

||w|\i1;w(£) = Z Hwe”?{s(e) and (w17w2)H;w(€) = Z(wiwi)m(e)-
ec& ec&

Similarly, we define the spaces of (piecewise) k-times differentiable functions C%,(€). For s > 1, we note
that the functions in Hp,, () are continuous on e € &, but may be discontinuous across the junction. For
s > 3, we denote by H*(E), the subspace of functions belonging to H3,,(£) which are also continuous across
the junction. We remark that every w € H'(€) has a unique value w(v) at every vertex v € V and we use
22(V) to denote the set of possible vertex values.

Also, we define distance between vertices and layers of a tree as follows.

Definition 2.1 (Distance and layers on a graph). We define the distance d(vi,vs) between two vertices
v1,v9 in the graph G as the minimum number of vertices contained in a path joining them (if any, otherwise,
d(vy,v2) = 00). In addition, for a tree G with root v, we define the i-th layer of the tree as the vertices at
distance i from v.

Throughout the paper, we use ¢ or C' to denote positive constants which may change from line to line and
that may depend on the network (namely, on parameters of the type a®, b, ¢ or [¢).

2.2. Well-posedness of the parabolic and hyperbolic problems. We recall a well-posedness result for
the parabolic problem (1.4) (see [32, Theorem 3]).

Theorem 2.1 (Well-posedness for the parabolic problem). For a® > 0, u¢ > 0, b* € L>(0,T; W:°(€) N
CO&)) N Wh>2(0,T; L>(E)), v € Wh*((0,T) x W), ¢ € L®((0,T) x &), yo € H'(E) N H}, () and
ue € C2([0,T];€2(Va)), the parabolic problem (1.4) has a unique classical solution

ye € CH([0, T} L*(€)) N C°([0, T1; H'(E) N Hy,, (€))-

pw

Similarly, in [32] Theorem 6], a well-posedness result for the transport problem was obtained.

Theorem 2.2 (Well-posedness for the hyperbolic problem). For any yo € H},,(€) andu € C*([0, T]; £2(V5")),
the hyperbolic problem (L.3)) has a unique classical solution

y € CH((0, T]; L*(£)) N C°([0, T); Hy,, (£)).
Finally, the following convergence result holds (see [32, Theorem 10]

).
Theorem 2.3 (Vanishing viscosity error estimate). For anyyo € H' (5)0H3w (&) and u. € C%([0,T); l2(Vs)).
Let

ye € CH([0,T]; L*(£)) N C°([0, T]; H' (€) N Hy, (€)).-
be the solution of problem and
y € CY([0,T]; L*(€)) N C°([0, TT; Hy,, (£)).
be the solution of the corresponding limit problem . Then,

(2:2) e = yllLoe0,1522(6)) < CVE,
with a constant C' that depends on the time-horizon T but is independent of the diffusion parameter 0 < e < 1.

Example 2.1 (Explicit computations for the hyperbolic problem and continuity at junctions). Let us consider
the graph in Figure@ made of the vertices v1,v2,vs,vs and edges e; = [v1,v3] =~ [0,1], ea = [ve,v3] ~ [0, 1],
and es = [vs,v4] =~ [0,1]. We consider the equation with a® = a® = a® = b =1°2 =1 and b* = 2.
Let us consider as initial datum yo = 0 and as boundary datum w; = 1 and us = 2. Then the solution can
be computed as follows: Yy = Tysg, Y2 = 2 Tysy, Yy = % “Lys142 0 this satisfies the flur conservation
condition b1yt +b°2y°2 = b3y qt the junction expressed in 4. However, we note that, in this example,
the continuity across the junction is indeed lost from the parabolic system with vanishing viscosity even if the
controls are reqular (only the weaker condition 3 is preserved).

As an additional example, let us consider the graph in Figure[]] made of the vertices vy, vz, vs,vs and the
edges e1 = [v1,v2] >~ [0,1], e2 = [ve,v3] ~ [0,1], and eg = [va, v4] = [0,1]. We take a* = a® = a® =% =1,
b2 = 1/3, b% = 2/3. Let us consider as initial datum yo = 0 and as boundary datum uw; = 1. Then
the solution can be computed as follows: y°* = L5y, Yy = Lis142, Yy = ]1t>1+%: this satisfies the flux
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conservation condition b1yl = b2y + b3y at the junction expressed in (L.3))s. In this example, the
continuity is kept at the junction.

€1 €2 :
@ - ( : - @
€2 €3

FIGURE 3. Star-graph with edges
€1 = (’Ul,’l)g), €y = (’UQ,U?,), €3 —
(vs,vq); inner vertices Vo = {vs}
(blue), and boundary vertices Vs =
{v1,v2,v4}. We split the set of bound-
ary vertices into inflow and outflow
vertices: Vi = {vy,v2} (green) and
Vgt = {va} (red), respectively.

FIGURE 4. Star-graph with edges
€1 = (1)1,’1]2), €y = (’1)2,’()3), €3 —
(vg,v4); inner vertices Vo = {v2}
(blue), and boundary vertices Vy =
{v1, v3,v4}. We split the set of bound-
ary vertices into inflow and outflow
vertices: V' = {v1} (green) and
VUt = {vs,va} (red), respectively.

3. MAIN RESULTS

3.1. Control of the hyperbolic problem. Our first result concerns the null-controllability of problem
on a tree. For the sake of simplicity, we consider coeflicients that are constant in each edge; however,
as explained in Remark the results are also valid for strictly positive space-dependent coefficients. In
particular, we are interested in controlling the flow across the network by means of controls placed on the
inflow vertices Vg".

To this end, we define an upper bound and a lower bound on the time in which the information propagates
across the network (i.e., the maximal and minimal travel time of the characteristics across the network).

Definition 3.1 (Propagation time on a network). Let G = (V,&) be a tree. We define the functions T, T :
YV — Ry as follows:

T(v)=0, T(v)=0 ifve Vi,

)=  sup (T(ue)+“ele)

if v e Vo UV,

e=(ve,v)eE™ (v) be
_ _ acle .
T(v) = inf T(v®) + if v e Vo UVU.
0=t (T 50 foevouvs

The times T'(v) and T'(v) are respectively the maximal and minimal propagation time required for information
to reach v € V from a node in Vy".

Since the network G has no loops (being a tree), we can prove inductively that T and T are well-defined.

Example 3.1 (Propagation times). Let consider the graph in Figure @ with vertices v, vs, v3, vy, and edges
e1 = [v1,v3] =~ [0,2], ea = [va,v3] =~ [0,1], and es = [vs,v4] ~ [0,2]. We consider the equation (1.3) with
a®t = a® =a® = b =0 =1 and b* = 2. We can compute the mazimal travel time to reach v € V as
follows:

T(v1) =T(v2) =0, T(v3) = sup (T(v;) + 1)) = max{1,2} =2, T(va) =T(v3) + 5 =2+1=3.
i=1,2
Moreover, we compute the minimal travel time to reach v € V as follows:
T(v1) =T(vp) =0, T(vs)= inf (T(v;) + 1) =min{1,2} =1, T(vg) =T(v) + & =1+1=2.
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By relying on this notion of propagation time and on the classical method of characteristics, we can prove
the following controllability result.

Theorem 3.1 (Null-controllability for the hyperbolic problem). Let G = (V,€) be a tree and let y be the
solution of (L.3)) for u=0. Then, y =0 for all T > max, eygut T(v)

The proof of Theorem [3.1]is given in Section
Remark 3.1 (Generalization of the hyperbolic result). We can actually prove a stronger result: y(T,z) =0

for all x € e = [v1,v2] ~[0,1¢] and T > T(Ul) + abeex'

Moreover, the following result regarding the minimal propagation time holds.

Proposition 3.1 (Minimal time for the null-controllability for the hyperbolic problem). Let G = (V, &) be
a tree. Then, system (L1.3) is not null-controllable for T < max,eygur T'(v).

Proposition is also proved in Section il We will also observe (in Remark that the time given in
Theorem may not be optimal if we consider non-null controls. In addition, as we see below in Remark
the optimal time for null-controllability can be almost any in [max,cygur T(v), max,cygut T(v)] (by possibly
using non-zero controls) by considering the right network, so the upper and lower bound are optimal if we
do not add any extra hypothesis on the structure of the network.

3.2. Control of the parabolic problem. Our next theorem provides the controllability of the parabolic
system ([1.4) on tree-shaped networks by acting on the external vertices (except at most one) without any
further geometric constraint.

Theorem 3.2 (Controllability of parabolic systems of networks). Let G = (V, &) be a tree, a® > 0, u® > 0,
be € L0, T; Wy (E) N COE)) N WHe2(0,T; L>(E)), v € WH((0,T) x Vo), ¢ € L>((0,T) x &), and
yo € L2(E). Then, there exists u € L2((0,T) x Vy) such that the solution of (1.4)) satisfies y(T,-) = 0.

The proof of Theorem [3.2]is given in Section [5and is based on the H.U.M. method (see, for example, [61])
— i.e., on the proof of an observability result for the adjoint system, which is given by
(3.1)

—a®0yp® — P02, ¢ — 0pb¢(t, 1) 0,0 — bO(t, ) 0pp® + c(t,2)¢ =0, in (0,T) x e,e €€,

¢°(v) =0, on (0,T) x Va,

P (t,v) = p2(t,v), te (0,T), veV, Ver ey € E(v),
Dcee(v) W One@®(t,0) = (= Xeeg () V(8 0) + (8, 0)) ¥, on (0,T) x W,

o(T,) = er, on €.

Generally, in the parabolic setting, it does not suffice to act on VJ" to drive the system to zero (see
Proposition. Instead, we can establish a null-controllability result by considering all the boundary vertices
Vb, except at most one (as highlighted in the proof of the Carleman inequality established in Proposition.
We remark that such Carleman inequality could also be used to obtain bang-bang controls, to study inverse
problems, to study the controllability of the semilinear heat-equation, insensitizing problems, etc. (see [70]).

Remark 3.2 (Acting on all but one boundary vertices in V). More precisely, we will see that the proof is
valid if we act in all the boundary vertices except at most one (the one chosen as a root of the tree), i.e. if we
consider Vo \ {0}. As we will establish in Proposition below, this result is sharp in some graphs: acting
on fewer vertices may not suffice.

3.3. Cost of controllability in the singular limit. Our final main theorem provides estimates on the
cost of controllability as ¢ — 0T for the parabolic problem . As in the hyperbolic case, for the sake
of simplicity, we consider coefficients that are constant in each edge; but, as explained in Remark the
results are also valid for strictly positive space-dependent coefficients.

We consider the following quantity which measures the cost of the null-controllability of :

(32) K(E,T, ae,be,g,f)a) = sup inf HUHLw7
voeL2(EN{0} u€U [[Yollz2(e)
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where U := Ul(yo, e, T,a®,b¢,V) denotes the subset of {u : £2(Vy) : u(v) = 0 Yo € Vs \ Vs} such that the
solution of satisfies y(T',-) = 0.

Regarding the cost of controllability, from the hyperbolic result in Theorem we expect the following
behavior: for small times, K — +00 as € — 07; on the other hand, for T sufficiently large, K — 0 as e — 0.
Our main result concerns a quantitative estimate on these limits.

Theorem 3.3 (Estimates on the cost of controllability). Let G = (V,&) be a tree and assume that (1.2)
holds.

(1) There exists ¢ > 0 such that, for e small enough and all T < max, cyout T(v), the following lower
bound holds:

(3.3) K(e,T,a®,b%,G, Vi) > ce/*.
(2) There exist T,c > 0 such that, for ¢ small enough and all T < T, the following lower bound holds:
(3.4) K(e,T,a%,b%,G, Vo) > ce®/".
(3) There exist To,c,C > 0 such that, for € small enough and all T > Ty, the following upper bound
holds:
(3.5) K(e,T,a,b°,G,Vy) < Ce /%,

Remark 3.3 (Acting on all but one boundary vertices in Vy). As in the previous section, we will see that
the proof of Item is valid if we act in all the boundary vertices except at most one, i.e. if we consider
Vo \ {0} in formula . As we will establish in Pmposition below, this result is sharp in some graphs:
acting on fewer vertices (even if we act on every vertex in V') may not suffice.

The proof of Theorem [3.3]is given in Section [6] (Claims () and (2))) and Section[7] (Claim (3)) and is based
on the H.U.M. (see, for example, [61]) — that is, on study the cost of observation of the adjoint variable. The
adjoint system is given by

—a®ypl — b0, p¢ — D2, 0t =0, in (0,T) xe,e€é&,

pe(v) =0, on (0,T) x Vy,

(3.6) P (t0) = 92 (t,0), te(0,T), veV, Yer,es € E(v),
D ece(v) EOnepi(t,v) =0, on (0,T) x V,
w(T, ) = or, on &,

where we have used (|1.2)) to obtain (3.6),,. We recall that, by using the H.U.M., the cost of the control defined
in (3.2)) is equivalently given by

- 0, -
(37) K(&‘,T, ae,be’g’va) _ sup ||§06( )||L2(5) 75
pTeL2(E)\{0} (ff(o TyxVs \8,,905|2 dt)

In order to do some computations, we will often use the following symmetrized system as in [5]: with the
identification of the edges given by Lemma [2.1] we define the function

(3.8) Ze 1= poel@)/2
which satisfies

e|2
—a®0y2¢ — 02,25 + %ze =0, in(0,T)xe, e€&,

Txr~Te €
z8(v) =0, on (0,T) x Vg,
(3.9 28 (t,v) = 282(t,v), te (0,T), veV, Ver e € E(v),
Zegﬁ(u) €0pezt =0, on (0,T) x Vy,
z2(T, ") = 27, on £.

Here, we relied on (1.2 to obtain (3.9),.

Roughly speaking, the strategy of our proofs is as follows:
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o for Claims and , we obtain that the cost explodes for small times by considering data for the
adjoint problem supported far away from the observation domains and computing its observability
cost — this explodes as ¢ — 07 because for small times the mass remains in the domain, but the mass
reaching the observation domain is of order exp(Ce™1);

e for Claim , we show that the cost decays for large times by using first the decay of the free
solutions, and then, when the mass of the state is almost null, by exactly observing the mass.

3.4. Pathological examples and further remarks.

3.4.1. Hyperbolic problem. For particular graphs and choices of the coefficients in and .7 we can
build several pathological examples to illustrate the scope of our controllability results

Remark 3.4 (Counterexample to exact controllability to any target state y(T,-) € CJ,(£)). While we
are able to prove null-controllability, and thus controllability to trajectories because of lmearity, we may
not have exact controllability to any y € C’gw(é') - namely, when [V§'*| > |Vi*|. In fact, by the method
of characteristics, we get an over-determined system on V§“t. For example, let us consider the graph in
Figure |4, made of the vertices vi,vs,v3,v4 and the edges e; = [v1,va] =~ [0,1], es = [vg,v3] =~ [0,1], and
es = [vo,va] =~ [0,1]. In (L3), we take a®* = a® = a® = b = 1, b = 1/2, b% = 1/2. Then,
for any yo € L*(&) and u € C?([0,T);¢*(v1)), we have that the solution y of satisfies the equality
ye2 (t,x) =y (t,x) fort > 1.

Next, we illustrate some issues arising from networks with loops.

Remark 3.5 (Networks with loops and controls). Generalizing Theorem to networks with loops is not a
straightforward problem, but a challenging open one.

Let us consider a graph with V := {v1, v, v3, v4} and with edges e; = [v1,v2], e2 = [va,v3], €3 = [v3,v4],
ey = [v4,v9] (see the left-side picture in Figure @ In that case, in the free system (i.e., with Dirichlet
boundary condition u; = 0 at v1) we can prove that the total mass is constant (which can be done by showing
that (ft ¢ wdz = 0 with energy methods or by the method of characteristics). And yet, we can use the method
of characteristics to prove that the hyperbolic system is null-controllable with a control that is non-null.

A similar example consists of the same graph with an additional output vertex vs and es = [vz,vs] (see the
right-side picture in Figure @ In that case, the mass is not conserved, but the null control do not take the
system to equilibrium (the mass on the loop decreases exponentially, though). As in the previous example, we
can use the method of characteristics to prove that the hyperbolic system is null controllable, with a control
that is non-null.

o] e

FIGURE 5. Graphs with loops used in Remark [3.5) - Left: graph with one incoming vertex
vy (green) and loop made of vertices vq, v3,v4 (gray). Right: graph with incoming vertex
vy (green), outgoing vertex vs (red) and loop made of vertices vq, v, v4 (gray).

3.4.2. Parabolic problem. At the parabolic level, it might look surprising to the reader that we cannot also
just consider controls acting on V4". However, system (1.4)) may not always be null-controllable depending
on the metric of the graph, as shown in the following proposition.

Proposition 3.2 (Lack of null-controllability for general graphs). Let G = (V,€) be the graph in Figure
made of the vertices v1,v2,v3,v4 and the edges ey = [v1,v2] ~ [0,1], e = [v2,v3] = [0,1], and ez = [va, v4] ~
[0,1] Then, system , with coefficients a = p=1 and b = c =~y =0, is not approximately controllable by
acting only on vy (i.e., if u”® =u* =0) for any € > 0.
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Heuristically, the motivation for such result is that, by symmetry, the effect of the control on ey and e
is identical, so we cannot control both y¢? and y° simultaneously. The proof is made rigorous by a duality
argument.

Proof. By duality, it suffices to show that there are non-null solutions of satisfying Opep(-,v1) =
0. Considering , this is equivalent to showing that there are non-null solutions of satisfying
Onez(+,v1) = 0. Considering the spectral decomposition of the Laplacian on the graph, we can construct such
a solution as follows:

€92 —T

—e ™t sin(mx), 2% =—e 7

=0, © bt sin(mx).

O

3.4.3. Singular limit problem. As in Proposition we note that system (1.1) cannot be controlled for any
€ > 0 by acting on fewer boundary vertices.

Proposition 3.3 (Lack of null-controllability for general graphs). Let G = (V,&) be the graph in Figure
made of the vertices v1,v9,v3,v4 and the edges e; = [v1,v2] ~ [0,1], ea = [vo,v3] ~ [0,1], and e3 =
[va,v4] = [0,1]. Then, system (with coefficients b = a® = a®? = a® =1 and b°> = b** = 1) is not
approzimately controllable by acting only on vy (i.e. if u’® = u¥ =0) for any e > 0.

Proof. By duality, it suffices to show that there are non-null solutions of satisfying Opep(-,v1) =
0. Considering , this is equivalent to showing that there are non-null solutions of satisfying
Onez(-,v1) = 0. Again, considering the spectral decomposition of the Laplacian in the graph we can construct
such a solution as follows:

1 1
2% =0, 2% = exp {— <5772 + 165) t] sin(rx), 2% = —exp [— (e7r2 + 165) t} sin(mz).

Finally, we note the relevance of (|1.2)) for our results.

Remark 3.6 (On the balance relation (1.2))). The balance relation (1.2)) is needed to ensure that the sym-
metrized system is dissipative. Indeed, without (1.2), we must replace (3.8)), by

(3.10) S cOpezi=— Y ”Qb

ec&(v) ec&(v)

Also, without condition (L.2)), system (1.3)) may not be dissipative at junctions. Indeed, from (1.3]), we
compute
d

11 —
(3.11) a /.

(y)?de == " > nb(y*)*(v),

veV e€&(v)

which is not non-positive in general. For example, let us consider a simple 1-to-1 junction modeled as follows:

Oy~ + b0y~ =0, x € (—1,0),
6ty+ + b+ax2/+ = Oa (S (07 1)a
—(t,—1) = t
(3.12) y ( ) ) 07 > 0’
b=y~ (t,0) =bty*(t,0), t>0,
vy (0,2) =yq , xz € (—1,0),
y(0,2) = yq, z € (0,1).

Here, the term in (3.11)) is given by
[ b~

so if b* > b~ energy is added on junctions; thus the problem is not dissipative.
We refer to Section@ (Item 2) for further comments on this matter.
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4. CONTROL OF THE TRANSPORT PROBLEM

4.1. Main control result. We prove Theorem by means of the method of characteristics, following [26],
Chapter 2.1.2., p. 30] (see Figure |§| for a sample illustration in case of 1-to-1 junctions). More specifically,
we use an induction argument to show that, for any tree G, the system with v = 0 is at rest for any
time larger than max,cy 7'(v). For the proof we identify each edge e = [v§,v5] ~ [0,1¢] as in Remark

Proof of Theorem[3.1] The proof is based on an induction of the distance of the vertex v to the boundary
(see Definition [2.1]).

The base case is when v§ € V4" The equality y(v{) = 0 is satisfied by the boundary condition (recall that
u = 0). Moreover, inside each edge the function y° behaves like the solution to a classical transport equation.
Consequently, as in [26, Chapter 2.1.2., p. 30], y°(t,z) = 0 for all x € e = [vf,v5] ~ [0,1¢] and ¢ > “;—f, and
in particular, y¢(t,v5) = 0 for all t > T(vS), as T'(vS) > “bfp

Let us now continue with the inductive case; that is, when v§ € Vy. The equality y°(¢,v$) = 0 is satisfied
for all t > T'(v%) by the inductive hypothesis. Thus, from ([1.3), and (1.3),, we find that y°(t,vf) = 0 for
all t > T(vf) Moreover, inside the edge the function y® behaves like a transport equation in a segment.
Consequently, we get that y¢(T,z) = 0 for all z € [0,1¢] and T > T(Uf) + “;—f, and in particular, y¢(T,v§) =0
for all T > T'(v5), as T'(vs) > T'(v$) + a;f. O

€3
Vg

:
[y
@
V)
Q
[~}
Y
(e)
w
Y

A\

v €1 vy €2 V3 €3 V4

FIGURE 6. For the sake of simplicity, we illustrate the propagation (bottom) in a tree made
up of three 1-1 junctions (top).

Remark 4.1 (Simplified proof for star-graphs). The same proof as Theorem and Pmposition is valid
for star-shaped graphs, with the simplification that instead of an abstract induction argument, a two-step proof
suffices.

Remark 4.2 (Positivity assumption on a and b when they depend on the space variable). The method of
characteristics is valid when a¢ and b® depend on the space variable and infe a,infe b > 0, so Theorem[3.1] and
Proposition |3. 1 remain true under those assumptions. The positivity is needed because if the transport term
gets null at some point, the characteristics do not leave the domain and we do not have the null controllability
result for the hyperbolic problem. Correspondingly, in that situation the cost of the controllability explodes
when € — 0.

4.2. Optimal control times. We prove Proposition with the method of characteristics.

Proof of Proposition[3.1 Let us consider the solution of (I.3) with initial value yo = 1. Then, we can prove
by induction as in the proof of Theorem that for any control u, any v € Vo U V" and any e € £(v),
ye(t,v) >0 on [0,T(v)). O

Finally, we discuss an improvement on the control time IMaX,eout T (v) from Theorem by means of
non-zero boundary controls.
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Remark 4.3 (Explicit computations of the optimal time in star graphs). Let us consider a star-graph (see
Figure @, with n incoming edges and m outgoing edges. We identify the edges e; = [v;,vg] =~ [ 1;,0] for

1N

i <0 and e; = [vg,v;] > [0,1;] fori > 0. Let us suppose, without loss of generality, that v_y € Vi satisfies

-1y . il
=t =mine( 1, _n) b;. We first remark that:

~ a®l; a%l;
4.1 sup T'(v) = min 4+ ma L
( ) UEV?M ( ) ie{-1,...,—n} bei je{1,....,m} bej
A €il; €il;
(4.2) sup T'(v) = max a + max 4y
vevgut ie{—1,...,—n} be, j€{1,..,m} be,
Moreover, we might drive the control to 0 at a time
_ €il. €l eili
(4.3) T := max min 8L max & 8 max - .
i€{~1,....,—n} be, j€{1,..,m} be; i€{~1,...,—n} be,
This can be done by setting the controls
-2
v 1 €;,,Ei bei ae_l v v
(44) u _1(5) = —b671 Z b lyol <_Lﬁ(8 + bell_l)> (0, aelb 71l 1 1)( ) uw'2=...=u4"""=0.

i=—n
Indeed, in each incoming edge, the solution y satisfies

e be v; a
yei(t,x) = yO (w T t) ]]'{3’/'—%t>—li} Tut (t N bt(ll +CC)> {o—Yoitc 1}

as a consequence, after minje(_1 . _ny % Li ' the functions cancel at the junction and in the outcom-

ing edges it behaves like the tmnsport equation wz'th null boundary data. Moreover, the time T is opti-
mal. If T < maxie{ L—n} b , then clearly is not null-controllable at an incoming edge; and, if
T < mingeq_1,.. —n} 5 Sl max;c(1,....m} b , then is not null controllable by (4.1) and Proposition

. Getting a szmzlar geneml statement in the case of a tree G is an interesting question that can be treated
by an inductive argument.

Remark 4.4 (Non zero boundary controls and optimal time). For all 0 < T} < Tg < T3 < Ty + Ty or
T, =T, =T5 we can construct a star-graph such that IMaX,eygut T="T, mlnvevom T =Ty, and the optimal
time in which (1.3]) might be driven to 0 is T5.

For the case T1 Ty, = T3, it suffices to consider a star-graph with one incoming edge, an outgoing one,
a=b=1and 1 =] :%.

For the case 0 < Ty < Ty < T3, it suffices to consider a star-graph with two incoming edges, an outgoing
one,a=b=1andl_o="T5, 11 =T1+T5 —1T5 and ly =Ty + 15 —T3. This can be checked using and
[3).

Moreover, the hypothesis Ts < T1+T5 can be removed by considering more complex examples. In particular,
if we considera =b=1,n= LT3T1 2| and the graph with vertices V = {v;}]4" and & = {e;}1_; U {&}1,,
fore; = [v_s,v;] and é; = [v;,viy1]. It suffices to consider the length lo = To, l_1,-+ Jlp_1 =T1, L1 = =
ln—l = Tl, ln = T3 — T2 — ’/lTl, l_n = Tl — ln

5. CONTROLLABILITY OF THE PARABOLIC PROBLEM

In order to prove the controllability of the parabolic problem (1.4)), we are going to use the H.U.M. In
particular, we are going to study the observability of the adjoint system with a Carleman inequality.

5.1. A Carleman inequality on networks. In order to simplify some computations, we first are going to
prove a Carleman inequality for the solution of the system

—a®0y9¢ — 0%,9° = f, in (0,T) xe,ecé,
¢€(U) =0, on (OaT) X Va,
(5-1) ¢ (t,v) = ¢=2(t,v), te(0,T), veV, Ve, es € E(v),

Ycce(w) One 9 (t,v) = (¢, v)9(t,v)  on (0,T) x Vy,
¢°(T,-) = ¢7, on €.
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@

€1
V4
eme2(2) =6
e & @)
€3
@ e ng(l)f R e
=n°2(1) 0em©2(1) =1
€5 €6
K ]y 9zm°1(0) =1
@ ° 0 “ ! “ 2

FIGURE 7. Construction of the auxiliary function n € C2,(£) N C°(€) using the tree from
Figure [1} In this tree, we distinguish four layers (left picture): the first (magenta) is {v1};

the second ( ) is layer {v4}, the third (cyan) is {va,vs,vs}; and the fourth (brown) is
{vg,vr}. Let us identify ey := [0,1] =~ [v1,v4], €2 := [1,2] >~ [vg,v2], e3 := [1,2] = [vg, v3],
eq = [1,2] >~ [vg,v5], €5 :=[2,3] = [vs,v6], €6 := [2,5/2] = [v5, vg]. The auxiliary function 7

may be defined as follows: 7! (z) =z — 15222 + 159 52 (z) = n°s(2) = (z) = (v — 1) —
122 (2 = 1)1, 7% (2) = n° (2)+(2—2) =152 (2—2)2, n°° (2) = 0 (2)+(2—2) — (1-6) (2 —2)*.
As an example, in the right picture, we plot n°* and 72 with § = %. In the proof of
Proposition [5.1] if G is the graph illustrated above, we observe the vertex v; with vy; v4 with
vg, v3, vs; and vy with vg, v7. So, by transitivity, we actually only need to observe using
V9, V3, Vg, U7 (1.e. we do not need the vertex in the 1-st layer).

Proposition 5.1 (Carleman inequality). Let ¢ be the solution of (5.1) for a >0, f € L*((0,T) x &), and
7 € WEo°((0,T) x Vo). Then, there exists a positive constant C' = C(G) such that ¢ satisfies the following
inequality:

/ / 25061 (0,0]2 + (02, 01%) e dt
Q

(5.2) + 572 // e 2|0, ¢* da dt + 5374 // e 2503 p|* da dt
' Q Q
T
<C Z sr/ e_zmg(t,v)wne(v)(ée(t,v)|2dt—|—// e_2m|f|2davdt7
vEVy 0 Q

where Q := (0,T) x &, o, & are the Fursikov-Imanuvilov weights defined in (5.3), 7 > C and s > C(T +T?).

The difficulty in the proof arises from the boundary terms at junctions. To suitably deal with them, we
define the Fursikov-Imanuvilov weights ([35]) with a piecewise C? auxiliary function. Piecewise C? weights
were first used for proving Carleman inequalities in [8], where the authors dealt with piecewise regular
diffusivity; more recently, similar functions have been used to study coupled systems with Kirchhoff-type
conditions in [10].

Proof. Step 0: Strategy of the proof and choice of the auxiliary functions. By Lemma [2.1] we identify each
edge of & with subintervals of R. The main idea is to observe the nodes of the i-th layer with the nodes
of the (i + 1)-th layer (see Definition . For that, we define an auxiliary function n € C7,, (£) N C° ()
recursively by the edges which joins the i-th and (i + 1)-th layer of the tree. Let us start with the base case:
the edge e = (v1, v2), for vy the root of the tree. We define n° as a function satisfying 9,n°(v1) =1, 9,n¢ > 0
in [v1,v2] and 9,1°(ve) = 4§, for § > 0 a small parameter depending on a and 4 to be defined later on. As
for the inductive case, if v; is on the i-th layer and vo on the (i + 1)-th layer for i > 2, we define ¢ such
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that 7¢(v1) is determined so that n € C9(&), 9,n°(v1) = 1, 9,m° > 0 in [v1,v2] and 9,n°(vy) =6, for § > 0 a
small parameter depending on a and 4 to be defined later on (see Figure [7] for a sample illustration).

This auxiliary function allows us to define usual Fursikov-Imanuvilov weights:
e87Inllee — o7 (6lInllec+n(2)) eT(6lnllec+n(2))

) 5 t7 X = Y2
t(T —t) t(T —t)

for 7 € R a fixed parameter (and in particular independent of the edge) that will be chosen later.

As in [35], we consider the change of variables ¢» = e **¢. From (5.1)), we obtain that 1 satisfies the
equation
(5.4) Ly + Loy = Laip,

where

(5.3) at,x) :=

Lyt = —2572|0,0[260 — 25760, + ady),
(5.5) Loty := s272|0,n|2¢% + 02,4 + sad,anp,
Ly := s702,mE0h — s720n|P€0) — e f.
Indeed, by using the equality
(ady + 07,)(e** ) = f,
we obtain
(5.6) adyh + asdiar) + 02,0 + 250,010 + 0zt + 5% (0pa)* ) = — fe™

Now, combining (5.6) with d,a = —79,1¢, 92, a = —7192,m& — (10,1)?E, we obtain that 1 satisfies (5.4).
We now argue as in [5, [41], but paying extra attention to keep track of the boundary terms at junctions.
As usual, we denote (L;1)); the j-th term in the expression of L; given above. From , we get

IL19 + Lov |72 () = IL1tll72(g) + 1 Lol Teig) +2 D (Ta)is (L2v);)L2(@) = I Ls¥ll72(o)
i,j=1,2,3
In the next two steps, we need to estimate the product:
(L1, Low) 12y = D ((a°)"2(Lav))*, (a) ™2 (Lath)®) L2 (0.7 xe) -
ec&

In particular, we will show that the choice of the weights in makes it positive up to several terms that
can be controlled by the left-hand side (for a suitable choice of the parameters 7 and s) and by the observation
term.

Step 1: FEstimates in the interior. In this step we perform integrations by parts in the spirit of [5, 41],
but keeping track of the boundary terms appearing at the vertices.

To begin with,

(5.7) (Litb)n, (L)1) g = — 257 / /Q a0, e 2 da dt.

Secondly, we compute

(L1)2, (Lat)1) L2(q) = —25°7° / /Q a= Y0y [0,ne>pd, da dt
= 35374 // a 0| *E3||? da dt

(5.8) EEENDS / 0 PO oy (69 [0 (8, v) dt

veEV e€&(v)

:ZJl

+0<57/ §3|w|2dxdt>

Thirdly, integration by parts (with respect to the time variable) yields, for 7 > C and s > C(T + T?),

(5.9) ((L1)3, (Lo¥)1) 12(Q) = 5272/62 1021|224 0ptp dz At = o <s T / §3|¢|2dxdt>
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To continue with, we find that

(L)1, (Lath)o) 1oy = 257 / /Q 0V OunPEwo2, da dt
= 2572 // a1 0,|*€|0p0|* da dt

(5.10) LY 22 / )10 PEYC D oy ° (£, v) dlt

veEV e€€(v)

+0(5 T // §3|w|2dxdt>+o<37 // §|V1/)2dxdt).

((L1v)2, (L2vp)2)L2(q) = —28T // a” ' 0,mED2 Y0, dx dt

= ST // 189:77€|aw1/}|2 dxdt—z Z 37-/ 1ane U)ne€e|az,¢)e| (t ’U) dt

(511) veV e€€(v)

+o<572/ f@szdmdt).
Q

Moreover, we can prove that:

In addition,

::Jg

(512)  (La)s (Law)a) 2 = // o2, pdrdt =3 Y / O (oyE O (1,0) dt

veEV e€&(v)
=:J4
Finally,
(L1, (La¥)s) 2y = — D D T/ £ One (00 Op|¢°| (¢, v) dt
veV e€&(v)
(5.13)

=:J5

—|—0<37/ £3|w|2dxdt>

Step 2: Estimation of the boundary terms. In this part of the proof, we estimate the boundary terms
Ji,...,J5. In particular, we need to make a distinction between exterior vertices, which can be treated as in
[5, [4T] (since they correspond to the boundary terms appearing in a classical IBVP), and junctions, which
require new more precise computations. As we are going to see, the terms corresponding to the exterior
vertices v € Vy either vanish (due to the zero Dirichlet boundary condition in ) or can be moved to the
right hand-side of the Carleman estimate (corresponding to the “classical” boundary terms that appear in
[41]). The interior junction terms at v € Vy are more critical: they are in the left-hand side of the Carleman
estimate and we need to show that they are non-negative. To this end, we will rely on the properties of
the auxiliary function n and on the Kirchhoff junction condition 4. At the end of the computations, all
these boundary terms at the internal junctions can be absorbed into the expression in the right-hand side of
, which is non-negative.

To begin with, let us deal with the boundary term J; in . If v € Vy, we obtain that ¢ = 0 from the
Dirichlet boundary conditions. Otherwise, for each interior node v € V,, we get that

T T
(5.14) —2¢%s° 3/ E1 Y0 @) M0 Ponewn® | [P (¢, v) dt > s ‘3/ 1P (t,v) dt
0

ec&(v)
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Indeed, the function ¢ is continuous at junctions, 8né(v)7yé(v) = ¢ for € the edge going joining the previous

layer to v and Ope(,yn°(v) = =1 if e € £(v) \ {€}, so we obtain (5.14)) by choosing ¢ small enough. With the

right-hand side of (5.14)) we can absorb the boundary term J5 in (5.13)) for s > C(T + T?) and 7 > C.
(5.11)

To continue with, let us study the boundary term J3 given in 1)) for each v € V, i.e.

- / €3 (0°) e (11O oy P (1, 0) .
0

ec&(v)

If v € Vy, that term can be moved to the right-hand side of the Carleman estimate. On the other hand, if
v € Vp, there is one edge € (the edge going joining the previous layer to v) for which 9,,,7¢ = ¢ and such that
Open = —1 for all e € E(v) \ {€}. So, we have to absorb the boundary term of the edge é. For that, we use
¢ = Pe ** to get

T
or / (a°) ™ €810, 170 0 2 (1, v) lt
(5.15) 0

T T
§2(5ST/0 ( e) §€|8 ae| |w| (t, v)dt+26s¢/0 ( e) &e —2sa° |0, (b\ (t,v)dt

We can absorb the first term in the right-hand side of (5.15)) by (5.14]). As for the second one, it equals

2

JST/T(aé)lﬁéeQSO‘é Z Oned®| (t,v)dt

(5.16) ’ ceV(e)\e

T ~
S(SST/O (a®)~ Z € |Ope | (tvdt+C§s3T3/ 32 (t,v)d

ecV(e)\é

Indeed, we have used the continuity of functions & and « on the junction, the condition on the junction
(5.1)),, the fact 0,0 = —70,n¢ and that v € L>((0,T) x Vy). Taking ¢ small enough, we can absorb the

term ([5.16]) by (5.14)) and

T
(5.17) —ST/Og > (ae)—lane(v)nﬂane(v)we\2(7:,v)dt:ST/ €3 (@) OneyuelP(t,v) dt.

ee€(v)\é ee€(v)\é

To conclude, let us study the boundary term Jy in (5.12). If v € Vjy, then d:1p = 0 because of the Dirichlet
boundary conditions. Otherwise, if v € Vy, from (3.9), we obtain

> / Oneth©Opp° (t,v) dt

ee&(v)
5.18 T
( ) :/ FOne £ 0 (t, v) dt + Z / Y Oppe (t, v) dt
0 e€&(v)
=L +1

We can absorb I; by (5.14) considering that ¥ € W1>°((0,T) x V). Moreover,

2 Z / a geatae —2sa° |¢e| (t ’U dt+8 Z / 6 ge —2sa® (|¢e| )( ,U)

ec&(v) ec&(v)

e|2
=Y / OneE°00° [ (t,v) dt —5 Y / Ot (One£°) W)' (t,v)dt

ec&(v) ec&(v)

(5.19)
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which can be absorbed by (5.14). To sum up the result of this step, we have proved that, for s > C(T + T?)
and 7 > C, the following estimate holds:

ZJch /g3|¢| tvdt—i—cZST/ & D (@) N One ()P (t,v) dt

vEVY vEVY ee€(v)\é

- C Z 57'/ &(a n?(v)ﬁ | Ope () P° (t, v) dt.

vEVs

(5.20)

Step 3: Conclusion of the proof. Combining (5.7))-(5.20) and the fact that |0,n| > 0, we obtain the
following estimate:

STQ/ £|0y2p|? da dt + 3374/ EY|* dedt
(5.21)
< (Lavy, Lo) ) + 9 ST/ € Dpe 0y (£, v) dt
vEVsy
From (5.21)), it is classical to obtain (5.2 as in [35, 41]. We add (HLleLZ(Q) + HLQ”(/J”LQ(Q)) at both sides
of (5.21] -7 we con51der that || L1¢ + LQ’(/JHLQ(Q) ||L3w||L2 ; we absorb (Lgt); and (L3t))a; we estimate the

terms on 9yt and 92,1 by considering (5 1 and .2 respectively; and, finally, reverting the transformation
¢ = e 5. O

Remark 5.1 (Networks with loops). In networks with loops, the difficulty is to construct an auziliary function
n° that ensures that Jy is estimated as in (5.20]).

Remark 5.2 (Reducing the number of vertices in the right-hand side of the Carleman inequality). The
pathological case given in Proposition[3.3 shows that the Carleman inequality may be false if we observe fewer
vertices. This shows that the computation (|5 — and, in particular, the estimate of Jo — is quite sharp and
difficult to improve, at least for general trees.

Remark 5.3 (Special proof for star-shaped graphs). The Carleman can be simplified when the graph G is
star-shaped. In that situation it suffices to consider an auziliary function n that increases from the central
vertex to the outwards ones. In that case we can replicate the proof in [27]. The only difficult term is when
we treat fo 0yp02,), but the boundary term that appears in the central vertex can be estimated as in (5.18)).

5.2. Conclusion of the proof of Theorem From , we can easily obtain a Carleman inequality
for the solution of (3.1)). In fact, it suffices to divide (3.1, by u® and consider 7 = (v — 3 nb)(u®)~! and
f = (—0,0°0,0° — b°0,0% + c°(t, 2)p®)(u®)~L. In that case the source term can be absorbed by the right
hand side of the Carleman inequality (as s¢ < 1 for s > C(T? + T, it suffices to consider 7 large enough).
In the end, we obtain that

/ / 2501 (100 ? + 02, 0[?) da dt
Q

(5.22) + 572 // e 25¢|0,0|* da dt 4 374 // e 2503 p|? da dt
<cY sr/ 2L (1, 0) O oy 2 (1, 0)|
vEVy

which implies the following observability inequality:

1000, )| 2(e) < C / / 10,2
(0,T)xV

By duality, this completes the proof of Theorem

Remark 5.4 (Results when a® depends on the time and space variable). The Carleman inequality is also
true when a® depends on the time and space variable as long as infa® > 0 and a® € L>(0,T; Wz}{voo(é')) N
Whee(0,T; L>=(E)). In fact, the terms in which (a®)~"' is differentiated when integrating by parts can be
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absorbed by taking T > C and s > C(T + T?). Thus, we conclude that Theorem s also true assum-
ing infa® > 0, a® € L>(0,T; W (£)) N Whee(0,T; L>(£)), inf u® > 0 and p® € L0, T; W2 (€)) N
Whee (0, T; L>=(£)).

5.3. Controls acting in the interior. In a similar manner, we may also study the controllability properties
of the system

a®opy® — ped2, y° + b°(t, x)0,y° + (¢, z)y° = fl,, in (0,T) xe, e €&,

y“(t,v) =0, on (0,T) x Va,

(5.23) Y (t,v) = y=2(t,v), te(0,T), veV, Ve, e € E(v),
Zees(u) pe9zyn® = (t, v)y(t,v) on (0,T) x Vo,
y(0,-) = vo, on &,

where the control f acts on an interior domain w. Similarly to controls acting on the boundary, it does not
suffice to act on any arbitrary subdomain. Indeed, we can prove the following result arguing as in Proposition
0.0l

Proposition 5.2 (Lack of null-controllability for general graphs and controls acting on the interior). Let
G = (V, &) be the graph in Figure |}, formed by the vertices vy, v2,vs,vs, the edges e; = [v1,v3] ~ [0,1],
ea = [vg,v3] ~ [0,1], and ez = [va,v4] =~ [0,1], and coefficients b = a®* = a2 = a® =1, p = 1
b2 = b = %, and ¢ = 0. Then, system is mot approximately controllable by acting only on w for any
wCey.

To obtain a positive result on controllability, we may consider the following situations (see Figure |8 for a
sample illustration).

Hypothesis 5.1. The graph G = (V,€) is a tree and all edges e; with an end in Vg (except at most one)
satisfy that w® := wNe; # (.

F1GURE 8. Example illustration of the situation from Hypothesis in the case of a star-
graph: the domains w® := w Ne; are illustrated in gray.

Under such assumption, we can then prove the following theorem.

Theorem 5.1 (Controllability of parabolic systems of networks). Let G = (V,€) be a network satisfying
Hypothesis and yo € L*(€). Then, there exists f € L*((0,T) x w) such that the solution of (5.23)) satisfies
y(T,-) =0.

Theorem [5.1] can be proved as Theorem [3.2] with the usual differences when the control acts on the interior
(see [35] for further information). The construction of the auxiliary function n the only difficult task: as
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before, the function 1 can be constructed by induction on the layers of the tree. For the edge e = [v1, vo]
on the first layer, 7 satisfies 9,en® < 0 on {v1,v2} and inf\, [0,17°] > 0. Then, on an edge e ~ [v1, v2] from
vy on the i-th to vy on the (i + 1)-th layer, if w Ne = @), we define n° so that it is continuous in vy, satisfies
inf 9,1 > 0 and 9,n(ve) = §, where § is a sufficiently small parameter. Moreover, if w Ne # @, we define n®
so that it is continuous in v1, Open® < 0 on {v1,v2}, and inf.\,, [0,1° > 0.

Remark 5.5 (Particular geometries). Sharper results can be obtained by considering more specific geometries
or metrics for the trees. Of course, the most difficult task is the construction of an appropriate auxiliary
function n. However, doing an in-detail classification and the construction of such functions is out of the
scope of this paper.

6. BLOW-UP OF THE COST OF CONTROLLABILITY

In this Section we prove Claims and of Theorem Since both proofs are very similar, we prove
Claim and only outline the key difference for Claim .

6.1. Agmon-type inequality. We start by proving an Agmon-type inequality (see [I, Theorem 5.9]), which
gives an exponentially weighted energy estimate.

Lemma 6.1 (Agmon-type inequality). Let ( € HZ, () NH'(E) satisfy
(6.1) —ae0;C% + 10,C2 — be0,C¢ > 0.
Then, any solution ¢ of the adjoint system (3.6|) satisfies the following Agmon-type inequality:

T
S [l R Y [ [ e P asds
t e

eef € ec€
<3 [1e T (1)
ec& €

Proof. We compute % [ |eS"/2¢°(t, z)|? dz as follows:

d a cie o
&3/|64 /Ecp (t,x)|2dx

= ae/egc/sc?tece/s|s06(157fv)l2 dz + %/ecﬁ/aat\soe(t,w)\2dff
= ae/ecc/gatecc/£|g0€(t,ac)|2 dz + /e2<5/sape( — b%0,° — eaimwe) dz

% [P0 dn = e,

:ae/646/58t648/5|g06(t,:c)|2 dz + 5

e /(af‘Pe)QBQCE/E dr +e / 0,0 p°0,e% /% dx — €D, e /7],

= 2 [0 (w67 b0ug7 — 0.07) do e [ (Bulpres /%) da

€ € (&

<0

B %[(‘Pe)%%e/s]e - g[WeawWeexe/s]e-

Summing up over e € &, using Dirichlet boundary conditions, the junction conditions, and the flux balance
condition (1.2]), we obtain

d Qe ¢le, e 1 ¢/e, e e e e
52;/% /o (tvx)|2dx:g2/|eg leoe(t, @) (aeatc +be0xCC — |0:C |2) dx
ecé € ecE V€

<0

+ed> [ (Oa(pet /%)) da.

ecf V€

By integrating this expression in (¢,7"), we conclude the proof. O
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Remark 6.1 (Choice of the auxiliary function (). As in [6, Lemma 3.5, we will choose

(6.2) Cé(t,x) = —6b°x — (f) (6 +0%)(T —t),

which is precisely a solution of the equality in (6.1]).

6.2. Non-degeneracy of the solution. As a second preliminary tool, we establish that the mass of (0, -)
is bounded away from zero.

Lemma 6.2 (Non-degeneracy of the solution). Let v € V3“' be the vertex which mazimizes T (the minimal
propagation time introduced in Deﬁmtzon.} Then, for allT < T and all § € (0,7— T) there is o € C*(Q)
and ¢ > 0 such that supp(er) C [v — 6,v] and such that for all e € (0,1):

(6.3) [<(0, ) z2e) > ¢

for @ the solution of (3.6 with initial value pr.

Proof. We prove (6.3)) by contradiction. First of all, we remark that, thanks to the backwards uniqueness of
(3.6) (which can be derived from the backwards uniqueness of (3.9)), we obtain that [|oc(0,-)[/z2(g) > 0 for

all ¢ € (0,1). In addition, since the solution is continuous with respect to e (which can be proved with the
Fourier series solutions of (3.9)) as in [6]), the only possibility is that there is e, — 0 such that

l¢er (0, )l z2(g) — 0.
Let us suppose that there exists such a sequence and derive a contradiction. Since ¢, is bounded on
L2((0,T) x &) we may suppose that it converges weakly to some function v € L?((0,7) x £). We can prove

by considering the weak solution of parabolic equation that 7 is a solution of the adjoint problem of (|1.3))
with ¢(0) = 0 and initial value ¢, which is impossible by the method of characteristics. O

6.3. Proof of Claim of Theorem Using the tools developed in the previous sections, we complete
the proof of Claim of Theorem

Proof of Theoremm Claim ( . Let ¢ be the solution of the adjoint problem (3.6) and let us assume that
supp ¢ C [v — 8,v] for e € E(v), with v € Vg which maximizes T (see Figure [9f (left) for an illustration).
Using the assumption on supp ¢%, we deduce

T/|e—269:/5 e |2dCL’ <e 2(56/8/‘ |2dﬂ;‘
e

625(T75T)/s/ |8ucp\2dt§/ /|€(7517(5+52)(T /|2 dg dt.
(0,T)xVi" 0 Je

Combining these with the Agmon identity of Lemma choosing ¢ as in (6.2)), we deduce
(6.4 / 0,0l dt < HITHTHR i
(0,T)x V"

Plugging ([6.3]) and into , we deduce that (| . ) holds. O

Proof of Theorem Claim . When proving Claim of Theorem the only difference from the ar-
gument above is that the function ¢’ must be supported near the interior nodes instead of near the exterior
ones (see Figure [J] (right)). O
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[ supp pr

Ficure 9. Example illustration of the support of @7 in the case of a star-graph. Left:
choice of supp ¢ for the proof of Claim of Theorem [3.3] Right: choice of supp ¢ for
the proof of Claim . In both cases, the (hyperbolic) observation domain is {v_1,v_2,v_3},
the green vertices.

7. DECAY OF THE COST OF CONTROLLABILITY

7.1. The decay property for the parabolic problem. We start by proving a decay property for the
solution of (1.1)).

Proposition 7.1 (Decay property). There are ¢,C > 0 such that the solution of the parabolic problem ({3.6))
satisfies the following decay property for all o7 € L*(E) and all t < T':

C—c(T—t
G [locteapar < e (ST forlg,

The proof of the decay property is based on classical energy estimates for the symmetrized system ((3.9)
with Gronwall’s inequality.

Proof. In order to prove ([7.1]), we first obtain a decay property for the symmetrized system (3.9)). Multiplying
the PDEs in (3.9)) by z¢, integrating by parts and summing up all the edges we obtain that:

_dl /a5|ze(t,x)|2dx +s/|amza|2dx+/ b 2 de =0,
dt2 £ £ £ 48

Consequently, by using ¢ > 0,
d
- (/ a®|z|? dx) < —E/ |2e|? daz.
dt £ € Je

Using backwards Gronwall’s inequality in (¢,7) we obtain that:

et do < exp (—H) [ erl?

Finally, reverting the change of variables (3.8)), we obtain the decay property (7.1). O

7.2. A Carleman inequality. In order to prove the Carleman estimate, we focus on the viscosity dynamics
and do not take into account the information provided by the velocity on the flow of the transport system.
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Proposition 7.2 (Carleman inequality). Let . be the solution of (3.6). Then there exists a positive constant
C = C(G) such that . satisfies the following inequality:

s [ et ol + o) dact
Q

(7-2) —|—87'2 // e_2sa§|aw905|2 dmdt+s374 // e—2sa€3|@5‘2 dz dt
<C Z ST/ TETOL(E,0) [ Ope 0y PE (E, V)] dE,
vEVs

where Q := (0, T)x&, a, & are the Fursikov-Imanuvilov weights defined in (5.3), 7 > C and s > C(T+T?)e~1

We cannot use Proposition [5.1] directly to deduce Proposition [7.2] because we need to keep track of the
dependence of s and 7 with respect to e, and in Proposition [5.1] there is no track of the parameters of the
equation. However, the proof remains similar to the one in Section [b] and so, we just outline the main
estimates.

Proof. Step 0: Strategy of the proof and choice of the auxiliary functions. Using the notations and auxiliary
functions established in the proof of Proposition but with ¢ small enough depending on a and b, we
consider the change of variables ) = e™**z.. From (3.9, we obtain that ¢ satisfies the equation

(7.3) Ly + Lap = Lzip,
where
Lyt := —2e872|0,m|?&) — 2e57ED,m00) + ady),
(7.4) Loty = £5272|0,m|2620 + €02, + sadyonp — L,
Ly := es707,nE — esT2|0,1|*Eep.
As in the proof of Proposition we need to estimate the product
(L1, Low) 12(q) = 2 ((a9) 2 (Lah)*, (a%) "2 (Lat)) 12 (0.1 we)-

ecé

In particular, we will show that the choice of the weights in ([5.3)) makes it positive up to several terms that
can be controlled by the left-hand side for a suitable choice of the parameters 7 and s.
Step 1: Estimates in the interior. To begin with,

(7.5) (L), (Lath)y) (g = —26%°7 / / 10,3 |2 d dt.

Secondly, we compute

(L19)2, (Lot)1) 12(q) = —2¢°5°7° // a0 ? 0>, da dt

— 32537 / / 0,43 P du dt

(76) _2€2 3 Z Z / \693776|26ne(v)77€(§e)3|1/)e|2(t, ’U) dt

veEV e€€(v)

=:J;

+o (525374/ £3|1/J|2dmdt>.
Q

Thirdly, integration by parts (with respect to the time variable) yields, for 7 > C and s > C(T + T?),

0 (Lo L =27 [[ pnfevomdrat—o (57t [ Q§3¢2dxdt).
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To continue with,

(L1 (Lo)2) p2(g) = —2e2s72 / / 0~ |0 2€02, o da dt
Q
= 2¢%s572 // a " 10.m|*€|0x | da dt

(7:8) S 2% / 0°) 0 [PE U Dy (0 ° (2, 0)

veV e€&(v)

=:J2

+o (523374 // §3|¢|2dxdt> +o (5287'2/ §|Vw|2dxdt> .
Q Q

(L), (La)a) 2oy = —2%s7 / / a~10,nE02, 0, dr dt

e // TomnglonpP =3 D e ”/ )7 O €10 (1 0)

(79) veEV e€&(v)

+0(52572/ §|8mz/;|2dxdt).
Q

Moreover, we can prove that

In addition,

:ZJ3

(7.10) (Lat)s, (Lat)2) p2q) = ¢ //Q 2, pdedt =3 Y / O (oy 5O (1,0) dt

vEV ec&(v)

=:J4

Finally,

[o°1® e|2 e
(L1, (La¥)s + (L2t))4) 12(Q) = Z Z sT fanf w1° | sedha’ + —— | [ (t,v) dt

veV e€&(v)

<€2837’4 // §3w2dxdt)

Step 2: Estimation of the boundary terms. To begin with, let us deal with the boundary term J; in
(7.6). If v € Vy, we get that 1» = 0 from the Dirichlet boundary conditions. Otherwise, for each interior node
v €V, we get that

(7.11)

T
(112)  —2:26%8 / & [ ST () 0 PO o | 106 0) dt > e / Sl (t,0) d
0

ec&(v)

Indeed, the function £ is continuous at junctions, ana(v)né(v) = ¢ for € the edge going joining the previous
layer to v and Ope(,yn°(v) = =1 if e € E(v) \ {€}, so we obtain (7.12)) by choosing ¢ small enough. With the
right-hand side of (7.12)) we can absorb the boundary term Js in (7.11]) for s > C(T + T?) and 7 > C.

7.9)

To continue with, let us study the boundary term Js given in (|7.9)) for each v € V, i.e.

—5237'/ { Z n‘(v)ne|ane(v)we|2(t7v) dt.

ec&(v)

If v € Vy, that term can be moved to the right-hand side of the Carleman estimate. On the other hand, if
v € Vp there is one edge ¢ (the edge going joining the previous layer to v) for which 9,,,7¢ = ¢ and such that
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Open = —1 for all e € £(v) \ {€} . So, we have to absorb the boundary term of the edge é. For that we use
z = e % to get:

T
e2sT (aé)il/ £°10,em°]|0ne V%) (t, v) dt
(7.13)

T .
< 26e”s7 ( / 810ne P2 (t,v) At + 2857 (a®) 1/ €825 20,0 2. [ (L, v) dt.
0

We can absorb the first term in the right-hand side of (7.13)) by ( - As for the second one, it equals
2

T _
66257(aé)71/ glem 250" Z Opez| (t,v)dt
(714) 0 e€V(e)\é
i T T
< 5e2s7 ()" / S € 0w () dt + Co23r0 [ €t v)
0 eevie)e 0

Indeed, we use the continuity of functions & and « on the junction, and the condition on the vertex (3.9),
and the fact O, = —70,;nm€. Taking ¢ small enough, we can absorb the term (7.14) by (7.12) and

— € ST/ 5 Z B 8n6(v)ne|anﬁ(v)we|2(tav) dt
(7 15) 0 ee&(v)\é
25237/ €3 (@) 0neyte Pt v) dt.
0 ecE(v)\é

To conclude, let us study the boundary term Jy in (7.10). If v € Vp, then 9;¢b = 0 because of the Dirichlet
boundary conditions. Otherwise, if v € Vy, from (3.9),, we obtain that

> / E0pe Ve (tv) dt = Y / 0 £ 280, (€5 28) (L, v) dt

ec&(v) ec&(v)
e e, —2sa’ e, —2saf at(lz | )
(7.16) = 5% Z aneg drafe |28 (t,v) At + se Z 8 &% (t,v)
ec&(v) ec&( u)
B |w€|2
=s% Y 8§8a|¢|tvdt—ssz atag (t,v)dt,
e€&(v) e€&(v)

which can be absorbed by ([7.12] - To sum up the result of this step, we have proved that, for s > C(T +T?)e?
and 7 > C, the following estimate holds:

ZJ5>025233/ ISR tvdt+chs¢/ € Y (a°) M One(oy ¥t (tv) dt

vE€Vo vE€Vo ec&(v)\é

-C Z £ 37/ £(a%) ™ Oe (o)1 |One (0) V¢ (¢, ) dt.

vEVy
Step 3: Conclusion of the proof. Combining (7.5)-(7.17) and the fact that |0,n| > 0, we obtain the

estimate:

(7.17)

6287'2/ §|6w¢|2dxdt+€2337'4// e 2503 |y)? da dt

(7.18)
< (L), Lot) 2y + Z € ST/ O () °I (¢, v) dt
vEVy
From (7.18)), we conclude the proof as in Proposition O

Remark 7.1 (On the remarks for parabolic equations). The analogous of Remarks and are valid
for this kind of Carleman inequality too.
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As an immediate consequence of Proposition [7.2] we deduce the following result.

Corollary 7.1 (Observability inequality in one unit of time). Let T'> 1. Then, there is C > 0 independent
of T such that for all o7 € L?(&) the solution ¢ of (3.6) satisfies:

T
(7.19) n%@—LmhasﬁkZ;Almﬁwwﬁﬁ
veVy -

Proof. This can be proved with ([7.2)), usual bounds on the exponential weights and Theorem applied to
X(T —t)pS, for x a cut-off function supported in (—oo, 1/2]. O

7.3. Proof of Claim of Theorem Using the Carleman inequality of the previous section, we now
conclude the proof of the main result.

Proof of Theorem Claim . This result is direct consequence of Corollary and of Proposition
In fact, combining the decay estimate (|7.1) and the observability inequality (7.19]), we conclude that

T
e (0, ) 172y < e TN E oo (T = 1,726y < D 6(Cfc(Tft))/s/T ) |9yl (t,v)|? dt.
vEVp -

As a consequence, we obtain that (3.5)) holds for a sufficiently large time T' > 0. d

Remark 7.2 (The case of non-constant coefficients). The same techniques that we have developed in this
work apply to prove analogous results if the coefficients b and a depend on the time and space variables as
long as a € C'([0,T] x €) such that infga > 0 and b € C,,,([0,T] x £) satisfying Dece(w) b(v) =0 in all
v € Vy and infgb > 0 (see Remarkfor the necessity of the positivity of b). In fact, the decay property is
proved with the transformation

/Ow b(€) de + ¢

(7.20) 2 = gL exp — ,

for c© the right constants so that z€ is continuous at the junctions. The existence of such constants c© can be
proved similarly to Lemma[2.1. With this change of variables we obtain the system

—afd,2¢ + (|b9~|2 B 81175) P —ed% 26=0, in (0,T) x e, e €&,

1 2 v e
z£(v) =0, on (0,T) x Va,

(7.21) 28 (t,v) = z22(t,v), t € (0,7), veV, Veyes € E(v),
Dece()E0nezE =0 on (0,T) x Vo,
z¢(0,+) = 2o, on &.

Then, the computations for decay and Carleman estimates are still valid; indeed, we just get some lower order
terms that can be easily absorbed by putting them in the source term and taking € small enough.

Remark 7.3 (Singular limits and internal control). By doing an analogous proof, we can show that the cost
of null-controllability for the system

aopye + b0, ys — 02,y = 1y fe,  in (0,T) xe, e €E,

ye(t,v) =0, on (0,T) x Vs,

yet(tv) = ye2(t,v), te (0,T), veV, Ver, e € E(v),
Dece(w) (bYE — €0pyl)n® =0, on (0,T) x Vy,

Y(0,-) = vo, on &,

decays exponentially for sufficiently large time provided that the intersection of a sufficient large number of
edges with w is not empty. The only difference in the argument is that we need to consider the auxiliary
function defined in Section [5.3 Moreover, if w # £, by an analogous proof, we also obtain that the cost of
null-controllability explodes exponentially as ¢ — 0 for sufficiently small times.
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8. CONCLUSIONS AND FUTURE WORK

In this paper, we have obtained the first results on uniform controllability of linear advection-diffusion
equations on a tree (and, in particular, on a star-graph) as the diffusivity parameter vanishes. This extends
the classical results contained in [27, 41]. Many related problems remain open. In particular, the following
ones are of special relevance.

e Networks containing loops. In our proofs, it is essential to assume that our network contains no
loop (i.e. that we are on a tree). Namely, Lemma does not hold when there are loops, which
would not allow us to do the transformation . In addition, it can be proved that we do not
have the decay property in Proposition for cycles, where the mass is preserved, so we cannot
expect that the cost of the control decay for general graphs (see Example . Moreover, in the
Carleman estimate, cycles cause problems to define the auxiliary function, as explained in Remark
It would be interesting to characterize the controllability properties of by the topology or
metric properties of the network (see [29, Chapter 5] for the wave equation).

e Alternative junction conditions. In addition to the continuity condition that we have imposed
at the junctions, there are alternative transmission conditions that are physically relevant, such as
those in [40]. It would be interesting to see if analogous results on the controllability and on the cost
could be obtained in the framework of [40]. The main challenge to overcome is that the continuity
condition was pivotal in estimating the boundary terms in the integrations by parts arising in both
the decay property and the Carleman inequality.

e Balance relation of velocity coefficients in the junction. The balance relation , introduced
in [32], has been frequently used in many integration by parts throughout the paper and is pivotal to
obtain energy dissipation in the junction (see Remark . As it concerns a lower order term, (|1.2])
is not needed for the qualitative controllability properties of the parabolic system (see Theorem
nor for the well-posedness of either system. It is, however, an interesting question to see if the same
convergence results hold if we omit such hypothesis.

e Nonlinear conservation laws. It would be interesting to extend the analysis of the present paper
to nonlinear conservation laws (as in [37, [57]), for which existence results on networks are available
in [23 221 3, 34, 17).

e Dispersive effects. We have considered only a model that includes advection and diffusive phenom-
ena, but the PDEs may also have dispersive effect (as in the Korteweg-de Vries equation analyzed in
[39, 38]). The main challenge to deal with the KdV (or KdV-Burgers) equation on a network is to
identify suitable transmission conditions at the junction.

e Optimal time T for the decay. Establishing sharp estimates on the time T that separates blow-up
and decay is an interesting question, though this problem seems really challenging as it is still open
even on networks which consist on a single edge. The first result, in dimension one and for a constant
velocity, was obtained in [27]; afterwards, the same problem was studied in [41] in any dimension and
with a transport flow belonging to W1>°(R* x Q). More recently, better approximations have been
given for the optimal time in which the cost of the control decays: the lower bound was improved
first in [64], through complex analysis and properties of the entire functions, and in [56] through
semi-classical and spectral analysis; and the upper bound was improved in [36, [63] (in the first one
through complex analysis and, in the second one, by transforming the original equation into the heat
equation without convection terms).

o Cost of approximate controllability on the heat equation for a sufficiently large time.
For a tree-shaped graph G, the limit system is exactly controllable for a sufficiently large time.
Consequently, it looks natural that the cost of approximate controllability of should decay for
a sufficiently large time. We would like to remark that some relevant works for the cost of parabolic
equations are [33] (for the heat equation) and [55] (for hypoelliptic equations).

e Parabolic singular limit of dissipative wave equation. An interesting extension of this work
could be the study of parabolic singular limits — namely, the singular limit of €034 — 02, u+0d;u = 0 as
g — 07 — on networks. Regarding the convergence properties of those systems in domains belonging
to RY, they were first studied in [72], and then in [73]. In addition, the controllability properties of
those system, and in particular the asymptotic behaviour, was studied in [67] and [66].
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e Controllability under positivity constraints. It also remains open to prove that, for positive
initial data, we can take the solution to equilibrium without loosing the positivity, as in [65] [71].
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