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Refined Neutrosophic Matrices Representations
Mohammad Abobala,

Tishreen University, Faculty of Science, Department of Mathematics, Latakia, Syria

Abstract:

This paper studies the possibility of representing refined neutrosophic matrices by linear functions over
a refined neutrosophic vector space.

Main Discussion
Definition 1:

Let VV, W be two vector spaces over R, consider any three linear transformations g, h,q:V — W. We
define the corresponding full AH-refined linear transformation as follows:

[V, 1) » w(y, 1),

fao+tyli+z) =gx)+ L[(g+h+x+y+2)— @+ + 2]+ L[(g+(x+2)—
g)].

We denoteitby f = g + hl; + ql,
Theorem 2:

Let f = g + hly + ql,:V(I1,1,) = W(I4, 1) be any full AH-refined linear transformation, then f is
linear by classical meaning.

Proof:
VX=x+yl+2z,Y=x,+yl; + 7,1, € V(I;,1,) we have:

fX+Y)=fl(x+x) + L +y1) + (z+ 2]
=g +x)+hllg+h+dx+x+y+y1+z+2z) - (@ + O +x +2+2)]
+ LG+ +x +2+2) — glx +x)]
=g(x) + g(x1)
+L(g+h+x+y+2)+(@+h+ )ty +2) - (@+(x+2)
@+ + 2D+ LG+ +2)+ (@ +q)(x +2) —gx) — g(x)]
=[g)+LI(g+h+x+y+2)—(g+ D +2)] + LI(g+Qx+2) —g()]] + [g(xy) +
LI@+h+ @ +y1+21) —(@+q(x1 +2z)]+ L[(g+h+ @) +21) — g(xy)],
=fX) + ()

Vr=ry+nl +nrl, € V(,I,), we have:

rX=rox+L[(rg+r+nr)+y+2z)—(y+1r)x+2)]+L[0,+1r)x+2) —ryx]



f-X)=gex)+L[(g+h+ o +r+1r)x+y+2)—(g+ Q0o +12)(x +2)] +
L[(g + Iy + 1) (x + 2)] — g(rox)],

Now we compute r - f(X):

T f)=0o+nl+nl) [g)+L[g+h+dEx+y+2)—(@+ P +2)]+ L[+ K+
z) — g(x)],

=rogX)+ L[+ +1)(@g+h+q)x+y+2)— (o +1)(g+Q(x+2)] + L[ +712)-

g+ +2)—19()] = f(rX).

Definition 3:

Let M = A + BI; + CI, be a matrix over R(I4,1,). We say that M is the matrix of f = g + hl; + ql,iff
fx+ylL +zI) =M- (x+yl + zI,).

Theorem 4:

Let f = g + hl; + ql,:V (I, 1,) » W(I4, 1) be any full AH-refined linear transformation, then
M = A + BI; + CI, is the matrix of f iff A is the matrix of g, B is the matrix of h, C is the matrix of q.

Proof:

Firstly, we suppose that A is the matrix of g, B is the matrix of h, C is the matrix of g, where g, h,q:V —
W are classical linear transformations.

Consider the refined neutrosophic matrices M = A + BI; + CI,, we have for each x + yI; + zI, €
V(Il, 12):

M(x+yl;+zl,)=(A+BL+CL)(x+ylL+zL)=A-x+L[A+B+C)(x+y+2z)—
A+CO)(x+2)]+L[A+C)(x+2)—A-x],

=g +L{G+h+dEx+y+2)—(@+Px+2]+ LG+ P +2)—g)]=fx+yl +
zl,), hence M is the matrix of f.

Conversely, we assume that M = A + BI; + CI, is the matrix of f, we must prove that A is the matrix of
g, B is the matrix of h, C is the matrix of q.

We have f(x + yI; + zI;) = M(x + yI; + zI,), thus: g(x) + L[(g+ h+q)(x +y +2) —
G+ +D)+ LG+ +2)—g)]=Ax+ L[(A+B+CO)(x+y+2Z2)—(A+C)(x +
2)]+ L[(A+ C)(x + z) — Ax]

Sothat, g(x) =Ax,(A+CO)(x+2)=(g+q)(x+2),(A+B+C)(x+y+2)=((@+h+qg)(x+
y+2)

This implies that A is the matrix of g4 + C us the matrix of g + g, thus C is the matrix of g and

A + B + C is the matrix of g + h + g, thus B is the matrix of h.

In order to prove that every refined neutrosophic matrix can be represented by a unique AH-refined
linear transformation, we interduce the following algorithm to derive a basis of V (14, I,) from any
classical basis of V.

Theorem 5: Let S = {V},V,, ..., V},} be a basis of V over R, then:



Li jie = {Vi + (V; = Vi)h + (Vi = V)1Lo}
Is a basis of V(I1,I,) over R(Iy, I5).

Theorem 6: Let f:V(I;,1,) = W(I4, 1) be a linear function, then f must be a full AH-refined linear
transformation.

Example 7:

Now, we give an example to clarify the structure of the refined neutrosophic basis of a refined
neutrosophic vector space basing on Theorem 5.

It is well known that the R?is a vector space over the real field R. Consider the corresponding refined
neutrosophic vector space
R?(I;,I,) = {a + bl; + cly;a,b,c € R?} = {(x,y) + I;(z,t) + I,(m,n);m,n,z,t,x,y € R} .

The basis of R? is the set {e; = (1,0), e, = (0,1)}. According to Theorem 5, the related refined
neutrosophic basis of R2(Iy,1,) is:

vy =e + (e —e)) +1(ep—e) vy =e +11(e; —e) + (e —e)
vy =€ +11(e;—ex) + (e —e1), vy =e; +11(e; —e;) + [r(e; —eq),
vs = ey +11(ey —e1) + (61 —€y),v6 = €3 + I1(e1 — €2) + (€2 — €3),
vy =e;+1i(e; —e) + Ir(eg —ey),vg = e; + I1(e; — e3) + (e, — €3).

Example 8:

Now, we illustrate an example to clarify the representation of refined linear transformations by refined
neutrosophic matrices.

Let f:R*(I3, 1) = Ry, I); f[(x,¥) + I1(2,t) + ,(m,n)] = f[(x + zI; + mly,y + th; +nl})]=
2+ zL +mly) —(y+tlh +nly) = 2x —y)+ 2z—t)[; + 2m —n)L,.

be a refined linear transformation, we have to write f as an AH-refined linear transformation.

By Theorem 6, we know that f must be equal to g + hl; + qI, , where g,h,q:R> > R .

Firstly, we have g: R? - R; g(x,y) = 2x —y,and (g + @)[(x,y) + (m,n)] — g(x,y) = 2m —n,
This means that: g(x + m,y + n) + q(x + m,y + n) — (2x — y) = 2m — n, so that
2c+m)—(y+n)+qix+m,y+n) — (2x —y) = 2m — n, hence
2m—n+q(x+m,y+n) =2m—n,thusq(x + m,y +n) =0 for all x,y, m,n.

This implies that g(x, y) = 0 is a zero map.

For the computing of h, we regard that: (g + h + @)[(x,y) + (z,t) + (m,n)] — (g + P[(x, y) +
(m,n)] =2z —t.

Sothat: (g +q+h)[(x+z+my+t+n)]—(g+q)(x+m,y+n)] =2z—t.Byremarking that



g+q=g,weget:

(g+n[x+z+my+t+n)]—gllx+my+n)]=2z—t, hence
gx+z+my+t+n)+hx+z+my+t+n)—[2(x+m)—(y+n)] =2z—t,
Thismeansthat: 2(x +z+m) - (y+t+n)+h(x+z+my+t+n)—2x—-2m+y+n=2z-t,
Thush(x +z+m,y +t+n) =0 forall x,y,z,m,n,t,i.e. his azero map.

By the previous discussion, we getthat f = g + 0.1; + 0.1,.

The matrix of g is (_21) ,the matrix of q and h is (8), thus the refined neutrosophic matrix of f is

(2)+n()+n()-(3)-n

Now, we check that M is refined neutrosophic matrix of f by the following computing:

M.[(x,y) + L1(z,t) + L,(m,n)] = M.[(x + zI; + ml,,y + tI; + nl,)] = 2(x + zI;, + ml,) —
(y + tll +n12) = f(x + ZI]_ +m12,y + tIl + nlz)

Example 9:

In example 8, we showed how a refined neutrosophic linear transformation can be turned into a refined
neutrosophic matrix, now we do the converse. We illustrate an example to show how a refined
neutrosophic matrix can be turned into a refined neutrosophic linear transformation.

1

LetM = (3 _1 421,

I
2; ) be a refined neutrosophic matrix. M can be written in the following form:
1

M=A+Bll+C12=(é 8)+(_01 (2’)11+((2’ (1))12.

M can be represented by a unique refined neutrosophic linear transformation
f: RZ(Il, 12) d RZ(Il, 12);f[(x + ZIl + mlz,y + tll + nlz)] = M. [(x + 211 + mlz,y + tll + nlz)] =

x+LEz+t)+Lm+y+n),3x +(4z—x+ 2y + 2t +2n—m)l; + (2x + 5m)L,).
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