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Abstract

The goal of the current paper is to provide assumptions under which
the the limiting probability of the granular media equation is known when
there are several stable states. Indeed, it has been proved in our previous
works [17, 18] that there is convergence. However, very few is known
about the limiting probability, even with a small diffusion coefficient.
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1 Introduction

Our goal is to deal in a probabilistic way with the following nonlinear equation

2
%u”(t,x) = %Azu”(t,x) +div, {u?(t,z) (VV(z) + VF «u?(t,2))}, (1)
where u?(t,.) is a probability measure, x denotes the standard convolution op-
erator and V and F are two potentials on R?. Also, o > 0.

This equation can be obtained as a simplification - proposed by Kac in 1959,
see [11] - of the kinetic equation of Vlasov on the plasmas. This model corre-
sponds to a mean-field system of interacting particles with an infinite number
of such particles. By considering any particle and any positive time, we know
that its law of probability is absolutely continuous with respect to the Lebesgue



measure. Moreover, the density of the law satisfies the so-called granular media
equation (1), see [14, 15].

We will not discuss the existence and the uniqueness of a solution to the
equation. We refer to [7] for this question.

One major problem is the behaviour as the time goes to infinity: existence
and uniqueness of the steady state then convergence to this unique stable state.
The question of the rate of convergence also arises as a very important one.
However, we will not address it here.

The existence of a stable state has been obtained by Benachour, Roynette,
Talay and Vallois (see [2]) in the one-dimensional case by assuming that the
friction term V is equal to 0 and that F' is a convex potential. Let us point
out that in this particular setting, the center of mass is fixed. So despite there
is an infinite number of stationary measures with total mass equal to 1, the
identification of the limiting probability is obvious. In a subsequent article,
see [3], the authors obtain the convergence towards the invariant probability
measure. For the case in which V' is not identically equal to 0, let us mention the
work [1]. The authors consider two uniformly strictly convex potentials and they
obtain the convergence with an explicit exponential rate of convergence. In [5],
Carrillo, McCann and Villani proceed with a more general type of equation
and with a potential V' nonconvex. The assumptions are the synchronization
(roughly speaking: the convexity of F' is stronger than the nonconvexity of V)
and the center of mass is fixed (that means [, zu”(z,t)de = [, xu”(x,0)dx
for any t > 0). Same assumptions are used later in [6] for an algebraic decay rate
in quadratic Wasserstein distance. Up to our knowledge, there is no assumption
on the initial condition which ensures this hypothesis of fixed center of mass,
except if V' and F are symmetrical (then the condition is to assume that the
initial law is also symmetrical). The used techniques are analytical. About
probabilistic approach, we refer to Malrieu ([12, 13]) and Cattiaux, Guillin and
Malrieu ([4]), still in the case where both potentials are convex.

In the nonconvex case, the existence of stationary measures has been in-
vestigated in [8, 9, 10, 19, 20]. The main result is the nonuniqueness of the
stationary measures. More precisely, under simple assumptions that are easy to
satisfy, there are exactly three such invariant probability measures.

Thus, a question arises: What is the limiting probability 7

However, one should first prove the convergence. In the nonconvex case,
the convergence has been obtained in [17, 18]. More precisely, we assume that
V is nonconvex (but convex at infinity) and that the interacting potential F is
convex (albeit the case in which F' is also nonconvex could be solved by the same
method). However, let us point out that we use some compactness arguments in
these two papers. Consequently, very few is obtained regarding to the limiting
probability. The present work is dedicated to finding the limiting probability
for the granular media equation in a setting in which there are several stable
states.

To present the idea in th4€ introduction, we choose to consider a simple case

X X

in dimension one: V(z) = % — 72 is the symmetrical double-well potential and



F(z) = %x2 with a > 0. Let us now present the probabilistic approach of this
problem. The idea is to consider a stochastic process X7, which law at time ¢
is u?(t,.). It is the solution to the nonlinear stochastic differential equation

t t
Xf:Xo—&—UBt—/ VV(X;’)ds—oz/ (X2 —E(X?7))ds, (2)
0 0

B being a Brownian motion. This kind of processes were introduced by McKean,
see [15, 14].

Up to our knowledge, the only results about the limiting probability are the
ones in [16] and in [17]. In [17], it is stated that if the initial random variable is
symmetrical, then the limiting probability is the unique symmetrical invariant
probability. Furthermore, if the free-energy at time 0 is less than some quan-
tity, then the limiting probability is either the one with positive expectation (if
the initial random variable has a positive expectation) or the one with negative
expectation (if the initial random variable has a negative expectation). In [16],
the author proved that if the initial law is close to an invariant probability which
second derivative of the free-energy is positive then u?(t,.) converges (exponen-
tially fast) towards this invariant probability. Except these two settings, none
is known - up to our knowledge - about the limiting probability.

In the current work, we assume the synchronization that is @ > 1 (in the
setting V(x) := % — w—; - indeed supg —V” = 1). This means that the convexity
of F' will compensate the nonconvexity of V. If ¢ is small enough, there are
three invariant probability measures for the dynamics (2): u§ (with a center of
mass equal to 0), uf (with a positive center of mass) and u? (with a negative
center of mass). We remind a result in [9, 10] that is the weak convergence of
ug (resp. u and u?) towards dg (resp. d; and d_1) as o goes to 0.

The paper is organized as follows. Next section gives the general assumptions
of the paper. In Section three, the main result (Theorem 3.6) is stated. It
concerns the probability measure ug (which converges towards J, as o goes
to 0, a being a local minimum of the confining potential). Some immediate
corollaries are given: Corollary 3.7, Corollary 3.8 and Corollary 3.9. We also
give Proposition 3.10 which shows that the result can not be extended for a
probability measure which is centered around a local maximum of V. Finally,
in a section four, we give the proof of Theorem 3.6.

2 Assumptions of the paper

In this work, the Euclidean norm on R? is denoted as || .|| and the associated
scalar product is (.,.). For any g € R? and r > 0, B(z¢;7) is the open ball
with center zy and radius r. Wy stands for the quadratic Wasserstein distance.
For any set £ C R?, E° is its complementary. Also, V2V corresponds to the
Hessian of the potential V.

In the current work, we assume the following hypotheses on V', F' and uy.

Assumption 2.1. e The function V is twice continuously differentiable.



o The coefficient VV is locally Lipschitz, that is, for each R > 0 there exists
Kpgr > 0 such that

IVV(z) = VV(y)ll < Krllz =yl ,
forz,ye {z€R? : ||z]] < R}.

e The potential V is convex at infinity: | Il‘im V2V (z) = +oo.
x|| =400
o There exist m € N with m > 2 and C > 0 such that for all z € R¢,
IVV ()| < C (1 n ||x|\2m*1) and m > 2.

e There exists a > 0 such that for all z € RY, F(z) = |||

o The 8m?th moment of ug is finite: [, ||x|\8m2u0(dx) < 00.
From now on, a is a local minimum of V such that V2V (a) is strictly positive.

For any = € R?, we put W, (z) := V(z) + & ||z — a|]>. The key assumption
of the article (see proof of Lemma 4.7) is the following:

Assumption 2.2. There exists pg > 0 such that for any * € R?, we have
(z—a; VWa(2)) > pollz — al|>. Moreover, for any z € R%, we have

IVWa(@)|] < Cllz = all (1 + [|=|*™) -

We point out that the potential W, is not necessarily convex.

For some corollaries, we will also consider the following assumption (which
ensures the convergence as t goes to infinity of u{ towards an invariant proba-
bility measure, see [17, 18]).

Assumption 2.3. The measure ug is absolutely continuous with respect to the
Lebesgue measure with a density of probability that we denote by ug. Moreover,
the entropy [pq uo(x)log (uo(x)) dz is finite.

Thanks to Assumption 2.1, there exists a unique strong solution X to the
McKean-Vlasov equation

t t
Xf:X0+aBtf/ VV(Xg)dsfa/ (X7 —E(X?7))ds, (3)
0 0

see |7, Theorem 2.13] for a proof. Moreover, for any p € [1;4m?], we have:

sup E (||Xf||2p) < 00 .
teR,

3 Main results

Let us give a last assumption.



Assumption 3.1. There ezists ko > 0 and g > 0 such that for any o € (0;09)
there exists a unique invariant probability measure u for the process (X7 ),
defined in Equation (3) satisfying B

W (uZ:8,)" = [ llo — all*ug(dn) < 3.
Rd

One could object to this assumption that it is not easy to verify. However,
thanks to [8, 9, 10, 19, 20], we know some cases in which the local uniqueness
of the invariant probability measure around a is satisfied.

We now define some set of interest.

Definition 3.2. For any p > 0, set
m = {a: eR? . (VV(z);z—a) > pllz — a||2} .

Definition 3.3. For any p > 0, by S,(a), we denote the path-connected subset

—

of Sy(a) which contains a.

Remark 3.4. Let us notice that S,(a) is nonempty and is a neighborhood of a
if p is sufficiently small thanks to the hypothesis V2V (a) > 0.

The quantity of interest is the following:

Definition 3.5. For anyt > 0, we put
g 2 [eg
& (1) :=E (|IX7 —all*) = W (uf34)

We now present the main result.

Theorem 3.6. Assume 2.1, 2.2 and that a is a local minimum of V' such that
ug has a compact support included into S,(a) for some p > 0. Then, for any
k > 0, there exists a time T, > 0 and a positive real number oy such that
sup  sup & (t) < K%
0<o<og t>Tx
The proof is postponed in Section 4. We give some immediate corollaries.

Corollary 3.7. We here assume Assumption 2.1, Assumption 2.3 and Assump-
tion 3.1. Then u’ (t,.) converges weakly towards ug ast goes to infinity provid-
ing that o is smaller than oy (defined in Theorem 3.6).

The proof of Corollary 3.7 is immediate thanks to [17, Theorem 2.1.]. Let
us point out that the diffusion coefficient oy does depend on S,(a). However,
oo does not depend on the measure wuy in the present work. However, in [17,
Theorem 3.4.] (about the basins of attraction), the diffusion coefficient oy was
depending on the initial probability measure ug. This improvement allows us to
consider a sequence of initial distributions with a free-energy going to infinity.

Let us point out that the convergence towards v is only possible thanks to
the uniqueness of this probability measure near a, see Assumption 3.1.



Let us give some corollary implied by Corollary 3.7. Thanks to [19, Theo-

rem 2.1.], there are exactly three invariant probabilities if V' is the symmetrical
double-well potential V(z) := £ — £ and if F(z) = $2%. One of this proba-
bility measure is symmetrical (u§). The invariant probability measure u9 has
a positive expectation and u? has a negative one.
Corollary 3.8. We here assume Assumption 2.3, d = 1, V(x) = %4 — %2
and F(x) = %.732 with o > i. Then, if ug has compact support in ]0;+00]
(respectively in | — 00; 0[), there exists o9 > 0 such that for any o < og, u° (t,.)
converges weakly towards uf. (respectively u? ) ast goes to infinity.

The proof is immediate thanks to the results in [19] about the thirdness of the
invariant probabilities (Theorem 2.1.) if o is small enough. Indeed, if we con-
sider Wy(z) = & — £ 4 &(z—1)2 then (z—1)W{(z) = (z—1)% (z(z + 1) + ).
Since a > i, we remark that z(z+1)+a > a— i =: po > 0. We point out that
S,(a) does not depend on . However, py being defined by W, does depend on
a.

We now give some results in the case where ug is a Dirac measure (which of
course violates Assumption 2.3).

Corollary 3.9. We assume d = 1, V(z) = ‘%4 - é and F(z) = $a? with

o> i. We put ug = 05, with xo > 0. Then, for any k > 0, there exists a time
T, > 0 which does not depend on o such that E (HX{’ - 1H2) = W3 (uy; 1) is
less than k2 for any t > T, providing that o is sufficiently small.

Let us point out that we have the same result with a finite sum of Dirac
measures.

Now, we can wonder if Corollary 3.7 can be extended to a local maximum.
We answer negatively to the question.
Proposition 3.10. We assume d =1, V(x) = ﬂi - % and F(z) = $x* with
a > i. Then for any k > 0, there exists a probability measure ug satisfying
Wy (ug;00) < & and such that u? (t,.) converges weakly towards ug. as o is
small enough.

Proof. 1t is sufficient to consider ug with compact support included in [%; 5]
(which is a subset of ]0; +00[) for & sufficiently small then to apply Theorem 3.6.
O

4 Proof of Theorem 3.6

We first give the following lemma (which is in fact [21, Lemma 4.1]).

Lemma 4.1. For any t > 0, we have:

& (t) < —2p6(t) + 0% + K\ /P (X¢ ¢ Sp(a)) (4)

K being a positive constant which does not depend on o.



The proof is already in [21] but we give it for consistency.

Proof. By It6 formula, we have:
t t
|IX7 —al|” = | X0 —al)” + 20/ (X7 —a; dB,) — 2/ (X7 —a; VV(X7))ds
0 0
t
—2a/ (X9 —a; X% —E(X7))ds + o°t.
0

However, we know, that
E(X{ —a; X7 —E[X7])) = Var (X7 —a) 2 0.
We take the expectation then we take the derivative. We thus obtain:

d

gD = 2E((X7 —a: VV(XT)) + 0.

We use the following trick:
(X7 —a; VV(X?)) =(X7 —a; VV(XT)) Ixges,(a)
+ (XY —a; VV(XY)) Lxegs,(a) -
Consequently, we have:

d

—8a(1) < =208, (1) + 0

+2E ([p||xg —a|’ —(X? —a; VV(Xf)>} ﬂx;séspw) :
According to Assumption 2.1, we have ||[VV(X?)|| < C (1 + ||Xta||2m_1) S0

that
[P I1X7 = al* = (X7 —a; VV(X7)| < ¢ (14 1XIP™)

C’ being a positive constant. Cauchy-Schwarz inequality yields

Lea(t) < ~2p6, () + 0 +C"\/1 +E(|IX71") B (X7 ¢ Sp(@).

C" being a positive constant. The uniform boundedness of the moments (see
[7]) implies the existence of a positive constant K such that (4) holds, which
achieves the proof.

O

Let us point out that we have P (X7 ¢ S,(a)) < P(1,(c) <t) for any t > 0
where 7,(0) is the first exit-time from S,(a) of the diffusion X 7. It is the control
that has been done in [21]. However, it was a bad idea since, as t goes to infinity,
the right hand side converges to 1 as the one in the left may be small.

The key of the present paper is to deal in another way with the term

P (X7 ¢ S5,(a)).



Lemma 4.2. For any k > 0, there exist o9 > 0 and T,; > 0 such that for any
o < a9, we have &, (T,) < k32,

Proof. 1t is a straightforward consequence of previous lemma. Indeed, we have
the majoration P (X, ¢ S,(a)) < P(7,(0) <t) where 7,(0) is the first exit-
time of the diffusion X7 from S,(a). Then, thanks to classical result in large
deviations theory, we know that this exit-time does converge in probability to
infinity as o goes to 0. O

The parameter £ > 0 will be taken small enough independently of ¢ > 0 in
the sequel.
We remark that if & is small enough, 32 < x2.

Definition 4.3. We put (.(0) := inf {t > T, : & (t) > K2} with the conven-
tion inf ) = 4+o0.

We remark that ((o) > T, as soon as k < 1. From now on, we always
assume that £ < 1. Let us proceed a reducto ad absurdum by assuming that

there exists a decreasing sequence (o7); with lim;_, o, o7 = 07 such that (. (o) <
oo for any [ € N.

Definition 4.4. We consider the diffusion Y := (Y”'),~, defined by

Te+t
YZ ., = X2 + 0y (Br,i — Br,) - / YV (Y71) ds
Ty
T+t
—a/ (Y7  —a)ds.
Ty

Before studying the coupling between X and Y, we give a result about the
diffusion Y:

Definition 4.5. For k >0 and t > T,., we put 7(t) := E (||Y,7" —a[?).
We control 7(t) for any t > T,:
Lemma 4.6. For any x < 1 and any t > T}, we have 7(t) < k'6.
Proof. 1t6 formula implies
T'(t) < 0? = 2B (Y = a; VWa (Y1) < 0% = 2007 (1) .
We immeditaley deduce 7(¢) < max {T(TK); g—;} As 7(T,) = &, (Ty) < K2,

we immediately obtain 7(¢) < k6 if o is small enough. Indeed, since k < 1,
K32 < K16, O

We now prove the result of coupling.
Lemma 4.7. For any A > 0, and for any l large enough, we have:

sup  B(|IX7 - Y] > A) < #1°,
t€[Tw;Cn(01)]

as soon as Kk < po%.



Proof. Differential calculus provides
X7 =Y = =2 (X7 = Y W (X7) = YWa(Y) )t

where W, (z) := V(x) + F *x u(z) and u]' := L (X]").
For any T, <t < (.(07), we have:

ANXT =V = = 2 (X7 = Y W (XT) = VW, (XT) ) dt
—2(X7 =Y VW, (XT') = VIV, (V) dt
The first term can be bounded like so:
=2 X7 Y VW (X7 = VW (X71)
< 20X =Y < B (X]Y) = af] < 20k ||X7 =Y

since, for any ¢ € [Ty: Gu(on)], € (£) < 2.
‘We now bound the second term:

= 2(X7 - Y VW (X7 = VW, (V7))
< —2(X7' — @ YW (X7) +2(Y — a3 VW (X]") = VW, (Y1)
+2( X7 —a; VW ()
< =20 1X7 —all® + 27 [[Y = al| (1 + 11X P + 1Y)
+2C1X7 = all 17 = all (1+ 117 *")

o 2 o o112 o 12m or112m
< =200 IX7" = all® + 20" Y7 = all (14 I1X7 12 + X7 P + 197

where C” > 0. Here, we have used Assumption 2.2
Now, we use the inequality (a — b)? > a® — 2|ab|:

— (X7 Y VW (XY — VW (V)
< =20 |IX7 = 7P+ 4p | X7 = YO 1Y = al
+20" Y7 = all (14 1IX7 1 4+ X7 P + 1Y)
We deduce the inequality
S lxe -y
< =20 [|X7 = V|2 + dpo [IX7 = Y|V al|
+20" [ = all (14 1X7 117 + X7 P 17 )

+ 20k | XF = Y|
ak

o o2 o o o
< <2oo{ 17" = 1P = 27 = ¥ (e + 21 -

o o112 or|12m o112m
= ColY = all (1 IX7 P+ X7 P+ 1P



where C5 > 0.
However, X7! = Y7'. Hence, for any t € [T}; (x(01)], we have:

akK
X =Y < — +2||Y —a
X7 =Yl 20 1Y —all

2
ak o o o112 o 112m o 112m
+\/(2p0+2|mla|) 4 Gl —all (14 X7+ X7+ ¥ P

Taking x < £2A yields

P(IX7 =Y = A)

A A
<P(|[v7 - S)rp (Y - =
<P (I -al> 5 )+ P (I - dl> 35)

AQ
o o112 o 112m or2m
2 (I = all (L4 PP + X2 + 1) > o )

Since 7(t) < k'8 for any t > T}, (as 0; is small enough) and since the moments
of order 4m of Y,”" and X" are uniformly bounded, we deduce the claimed limit.
O

We now take v > 0 sufficiently small such that the ball of center a and radius
7 is included intro S,(a) and satisfies d (B (a;y); S,(a)®) > 0. Then, we remark:

P(X7 ¢ 5,(a)) <P (v ¢B (0 2)) +P{IIX7 -Vl 2 7} -

By using Markov inequality, Lemma 4.6 and Lemma 4.7, we deduce that for
any t € [T; Cx(07)], we have P (X7 ¢ S,(a)) < kP if & is small enough.
We remind the main result of Lemma 4.1 that is Inequality (4):

(1) < =2p& (1) + 07 + K\[P (X7 ¢ Sp(a)) < —2p6,(t) + of + Kr",

if t € [T,;(.(01)] where we remind the reader that (. (o;) > T}, for k < 1. We
immediately obtain that

§o (Culon)) < w°

by taking o; sufficiently small. This is absurd since by definition of (,(0;), it
holds &,((x(07)) > k2 for all I > 0 and & > 0 small enough. So, we deduce that
(x(0) = 400 as o is small enough. This provides the existence of a value T}, > 0
such that for any o small enough, we have &, (t) < x? for any t > T, which
concludes the proof of Theorem 3.6.
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