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ARSTRACT

The paper explores the probler of aggregating ordinelly fuzzy
individual preferences into ordinally fuzzy social preferences. Using
Goguen's ordinal formulation of fuzziness, it is shown that, given certain
plausible conditions, the requirement that the society's preferences should
satisfy any of several alternative transitivity conditions creates a
dilemma: either power in the society is rather unevenly distributed, or the
society tends to be indecisive. The problem increases as weaker

transitivity'conditions are replaced by stronger ones.
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1. Zntroduction

The purpose of this paper is to investigate the problem of aggregating
fuzzy individual preferences into fuzzy social preferences. While this
problem has been considered earlier by several writers (see, among others,
Barrett, Pattanaik and Salles (1986), Barrett and Pattanaik (1889), Blin
anc¢ Whinston (1979), Blin (1874), Dimitrov (1983), Leclerc (1984), Nurmi
(1€¢21), Subramanian (1988) and Tanino (1984)), the present paper differs
frco most earlier contributions in two important respects. First, in
contrast to most earlier writers, who use the standard fuzzy set theoretic
framework (with 'degrees of belonging' represented by numbers in the
interval [0, i]). we use an ordinal version of fuzziness due to Goguen
(1687). Thus, instead of representing degrees of belonging, in & cardinel
fasnhion, by numbers lying between O and 1, we just assume an ordering of
thece degrees. Secondly, instead of concentrating on any single
transitivity property for individual and social preferences, we explore the
impiications of imposing alternative transitivity properties, some badeg
very weak. Since the literature én fuzzy preferences conteins & number of
transitivity conditions, and, since none of these conditions seems to have
any overwhelming intuitive claim to superiority over the others, it seems
useful to explore the implications of different transitivity properties in
the context of aggregation of preferences. This is what we have tried to
do in the present paper. Using Goguen's ordinal formulation of fuzziness,
we zhow that, given certain plasusible conditions, the requirement that the
society's preferences should satisfy even one of the weaker transitivity
concditions considered by us creates a dilemma: either power in the society
is rather unevenly distributed, or the society tends to be indecisive. The
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protlem increaces as weaker transitivity conditions are replaced by

sironger ones.

2. Notation and Definitions

Let X be 8 set of social alternatives, and let N = {1, ..., n) index a
finite set of individuals constituting the society. Let L (#L ? 2) be &
finite set, ordered by an ordering 7? i the elements of L are to be
interpreted as "degrees of beionging". Let > denote the asymmetric
factor of ;7 , and ~ the symmetric factor, and assume that L has a
unigue ?7 -least element d. and a unique > —greatest element d*. (See
Goguen (1867) for the seminal work on an ordinally fuzzy fremework, in
wnich incidentally he refers to 'L-sets' rather than 'fuzzy sets'.) A
fuzzy binary relation over‘X, in this context, is definéﬁ to be a function

f: X= 4 L.

‘Notation 2.1 Let F be the set of all functions f: X2 4 L such that:

(2.1) for all xeX, i{x, %) = du;
(2.2) for all distinct x, yeX, f(x, y) = d* implies f(y, Xx) = du;
(2.3) for 8ll x, y, 2zeX, f(x, y) = d* implies f(x, 2z) 27 fly, 2),
end f(y, z) = d* implies f(x, 2) > f(x, y).
W2 interpret F as the set of ell fuzzy (binary) strict preference relations

(FSPR's) over X.

Remark 2.2 (2.1) and (2.2) are familier conditions, known
respectively as irreflexivity and asymmetry. (2.3) is a transitivity
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corncition which is just as compelling. When in the next section we
concsider a variety of transitivity conditions, scze of which are very weak,
we find it difficult to be confident, in a genera. framework, that any
particuler transitivity condition is the most appropriate to adopt. When
however exact strict preference is involved, as in (2.3), matters are
different. According to (2.3), if x is exactly better than y, then x must
‘fare ac well' against z as y against z (in terz=s of preference in favour);
and, if y is exactly better than z, then x must ‘‘are as well' sgainst z as

egainst y (in terms of preference in favour).

Definition 2.3 A fuzzy sggregation rule (FA%) is a function g: G™ =3

F, where ® # G ¢ F.
Thue, an FAR maps an n-tuple of FSPR's, interpreted as the FSPR's of
the individuals of the society, to an FSPR, interzreted as the society's

FSPR. We write P = g(P,, ..., P>, P'" = g(P,', ..., P."), etc.

Definition 2.4 An FAR satisfies:

(Z.4.1) unanimity (U) iff, for ell x, yeX and for ell (P,, ...,
P~2eG"”, there exists ieN such that P,(x, y) 2; P<x, y), and there exists
jeN such that P(x, y) 27 Py(x, y).

(2.4.2) independence of irrelevant al:e-natives (II1A) iff, for

all », yeX and for all (P,, ..., Po), (P,', ..., F.')e G, [for &ll ieN,
Py, y)~ P.'(x, y) &nd P,(y, x) ~ P,'(y, x). implies [P(x, y)~ P'(x,

y)> and Ply, x) ~ P'(y, x)].



Remark 2.5 1IIA is the counterpart of the corresponding concition in
the exact framework, and U is similar in spirit to the familiar rzreto

criterion (see Arrow (1863)).

Notstion 2.6 A non-empty subset of N will be called & cosl:i:ion.
Given & coelition C = {i,, ..., i,) (where i, < ... < i,), x,yeX and (P,,
.., PeG, Pc(x, y) will denote (P. (x, y), ..., P. (x, y)). CGiven del,
1 p
Pc(x, y) 77 d will denote P, (x, y) 77 d for all keC. Similarly for Pc(x,

y) 77 d, Pcilx, y) ~ d, etc.

3. Trancitivity Conditions

The choice of transitivity conditions to be assumed for indiviZual and
also social preferences is an important issue in any discussion c?
aggregation of individual preferences into social preferences. Tne problem
is particularly difficult when one operates in the fuzzy framewor:, since,
in such a framework, one has many transitivity conditions to consider, none
of which has any obvious intuitive superiority over the rest. Thzarefore,
instead of confining ourselves to any single transitivity conditicn, we

invectigate the implications of a variety of such conditions.

Definition 3.1 An FSPR f over X satisfies:

(3.1.1) restricted max-min transitivity iff for &all x, v, zeX,

Litx, v 77 f(y, %) and f(y, z) 7= f(z, y)) implies [f(x, 2) 7 e
or ¥ (x, 2z) 27 fly, 2)1;

(3.1.2) guesi-transitivity iff for all x, y, zeX, [f(x, y) =
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f(v. x) and f(y, z) % f(z, y)) implies f(x, 2)pr f(z, x);
(3.1.3) acyclicity iff there does not exist & sequence x,, x-,
. %2.€X (r > 1) such that [f(x,, x2) 5> f{x, x,) and ... and
fix_o_,y, X.) 77 f(xe, Xr—y) &nd f(x., x,) > f{x,, x)1;

(3.1.4) gimple transitivity iff for all x, y, zeX, [f(x, y) % d«

anc f(y, x) = d. and f(y, 2) )7 d« and f(z, y) = d,) implies [f(x, 2) )r
de =nd f(z, x) = d,J.
1916

kemark 3.2 An example, found in Barrett and Pettanaik (139a¢,
involves the following three alternatives: & sum of money m, m + & (& > 0)
anc x (unspecified). For & small, one might essily observe (and without
the-e seeming to be anything irrational about such preferences): {(m + 8,
m) = d*, fm x) =d and f(x, m+ &) = d', where d* > d 3 d. and d* > d'>
¢.. Nevertheless, these preferences conflict with the familiar condition
of max-min transitivity:

3.1) for all x, y, zeX, [f(x, 2) »= &, y) or f(x, 2) = f(y, 201}
anc also with the weaker transitivity condition used in Barrett, Pattanaik
and Salles (18986):

(3.2) for all x, y, zeX, [f(x, y) > ds« and f(y, 2) > d,]) implies
fix. z) % d.
£t the seme time the above preferences are consistent with each of the
tremeitivity conditions introduced in Definition 3.1. (See Dasgupta and
Det 11888) for a discussion of some of the available transitivity

conzitions.)

Notation 3.3 Let G,, G-, Gs and G, be the set of &ll feF satisfying,

resoectively, restricted max-min transitivity, quasi-transitivity,

- 7=



ecyclicity snd simple transitivity.

satisfying

(3.3) for all x, Y.

z) = da.

Proposition 3.4 (G,

Proof

We prove just G, ¢

zeX,

[f(x,

¢ G5 ¢ G2) and [G2nG'

G,

<2

Let G'

y) = d, and f(y, z) =

€ G,nG'l.

be the set of all -=zF

since the rest is straightizrward.

feG., let x, y, zeX, and let f(x, y) > f(y, x) and f(y, 2) D> :(z, y).

Supnose f(z, x) 7;9 f(x, z). Then, by restricted max-min transitivity,

[f(x, 2 2; f(x, y)» or f(x, 2)27 f(y,

X) 2; f(z, x)] and [f(z, y) j;: f(z, x)

one of the following must hold:

[f(x, z)j;; fx, y) > f(y,

fix, 2)1;
[f(x,
[f(x,
[ f(x,
[f(x,
[f(x,
fix, 27).

z) 27 f (x,
z)>'/ f(x,
z) = iy,
2)7'/ fly,

2) = f(y,

y) - f{y,
y> 7 4y,
z) > f(z,
2) 7 iz,

z) - f(z,

z)1, [f(y,

or f(z, y)‘z; f(x, y)1.

x)7'/ f(y,
X) 2; fy,
X) ?7 f(z,
y) 27 f(z,
)7 &,
y) 27 f (%,

x) >z fly,

z) >— f(z,

z) )r f{z,
X) 2; f(x,
x) 2; f(x,
y> >y,

y) 7y,

del) ‘xplies f(x,

Let

Z) or f(y,

Trerefore,
y)Z; f(z, X) =
y) 2; f(x, y21,
zZ).
r AN
x)j; fly, z01;
x);; f(z, x)};

Since each of these involves a contradiction, f (x, 2)>?f(z. ¥, and the

proci of G, € G- is compleze.



4. The Results

First we give a preliminary result on the 'neutrality' and

‘monotonicity' of FAR's.

Froposition 4.1 Let g: G" 2+ F, where G, ¢ G, be an FAR which

satisfies U and I1A, let distinct x, y, z, weX and let Py, ..., P>, (P,',
., Fo"2eG™, Then, [Puix, y) 27 Pu' (z, w) Bnd Py' (w, 2)27 Puly, X))
implies [P(x, y) 2; P'(z, w) and P' (w, 2) 2; P(y, x31.

Proof Let (P,", ..., P."2eG" be such that [P "(x, y) = Py(x, y) and
Py, x) = Py, x)], P"(w, y) = d* and [F.,"(x, w) = P.'(z, w) and Py " (w,
x) = Fo'(w, 2)1]. (Note that, since G, € G, there exists such a preference
profile in G™.) Then, by IIA, [P"(x, y) ~ P(x, y) and P"(y, x) ~~
P(y, x)). By U, P"(w, y) = d*. Thus, by (z.3), [P(x, y)?; P"(x, w) and

~ ~ ~ A
P" (w, x)?FP(y, x)l. Now let (P,, ..., P>, (P,, ..., F)eG™ be such that
~ ~ ~ ’~ ~ A
[Pu(x, w) = Pulx, w) = Pylz, w) = Py (z, w) = P,'(z, w) and Py{w, %) = Py (w,
) ~ n ~ ~
x) = Fo(w, 2) = Pulw, 2) = Pu'(w, 2)], Po(z, x) = d% and Pn(x, z) = d*.
-~ ~
Then, in the same manner as before, [P'(z, wi~ P(z, w) 7 P(x, W)~ P"(x,
~ ’ ~ A

w) andé P"(w, x) ~ P(w, Xx) 27 P(w, 2) ~ P'(w, 2)] and [P"(x, W) ~ P(x, w)2>=
A ~ A
P(z, w)e~ P'(z, w) and P'(w, 2) ~ P(w, 2) Z= P(w, %) ~ P"(w, xJ1.

Combining these results, P"(x, w)~ P'(z, w) and P"(w, x)~ P'(w, 2).

Since P(x, y)> 7 P"(x, w) and P"(w, x) 7 P x), the result follows.

Proposition 4.2 Let #X ? n, and let g: G™ - Gy, where G, ¢ G, be an

FAR which satisfies U and IIA. Let del, d 7 d.. Then there exists an
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individual JjeN such =nzt¢, for all a, beX and for &ll (F,, .., P)eG",

[F. (s, b)77 d 7 P,ib, B8) and d7/PN_(‘,,(b. 8)) implies P.z, b) 3= P(b, &a).

Proof: Let distinct x,, ..., x.e€X, and let d_, denote an immediate

predecessor of d (d  d_,) when d* > d, and denote d, when d = d*. Let

(PF,', ..., Pa")eG™ be such that [%f(x,. X-) = d and P,' (x=. x,) = d_, and
Po—cas' X3y X2) = ds and Pau_cyy' (X2, x,) = d), [P2'(xz, Xa' = d and P.'(xa,
X=) = d-, and Py_(¢=2,' (X=, X3) = d, and Po_-' (x4, x2) =d), ..., and

-

{F_*(X,, X,) = d anc¢ F.-'(x,, %) = d_, and Pu_(r>"' (X, X,) = d. end
Puocmy' (X, %o) = d). Then, by acyclicity, there exists jtN such that
P'<xy, X540 27 P'(x,.,, %;) (defining x,., = x,). The rzzult follows

from Proposition 4.1. A
The next proposition indicates, in comparison with Pr:iposition 4.2, a

strengthening of the 'veto power' of some individual, wher the number of

alternatives is increased.

Proposition 4.3 Let #X ? 2n; and let g: G» 4 G5, where G, € G, be an

FARE which satisfies U and IIA. Let delL, d > d«. Then, there exists an
incdividual jeN such that, for all a, beX and for all (P,, ..., P.JeG",

Ps¢a, b) 77 d 7~ P, (b, =) implies P(a, b) 7> P(b, a).
Proof: The proof ic similar to that of Proposition 4.:.
Remark 4.4 Propositions 4.2 and 4.3 can be generalizez. Assume no

resiriction on #X (but that otherwise conditions are uncharzed). Let #X =
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« and let [n/kl] denote the smallest integer greaster than :r equal to n/k.
N -an be partitioned into k, or fewer, coslitions, none of size greater
sz=n [n/k). Thus, the veto power assigned to an individue., in the
s::ztement of Proposition 4.2,will be ascigned more general.y to some

cz=lition of size no greater than [n/k). Similarly for Proposition 4.3,

«>1h {n/k] replaced by [2n/k].

Proposition 4.5 Let g: G™ 4 G, where G, € G, be an FAR which

sz1isfies U and IIA, and let del, d 3> d,. Then, there exists a coalition C
s.-h that: (1) for all a, beX and for all (P,, ..., P.2eG", Pc(a, b) P=d >
- ‘b, a) implies P(a, b) > P(b, a); and (2) for ell ieC, fcr all &, beX and
fcr all (Py, ..., PeG", P,(a, b) > d > P, (b, &) implies P(s, D) 77 P(b,

\
3.

Proof Let distinct x, yeX, and let d_, denote an immediate
or =decessor of d (d >—d_,) when d* >~ d, and denote dy when ¢ = d*. Let C
¢ & minimal coalition such that, for ali (P,, ..., P.2eG", [Pc(x, y) =d
2z Pody, x) = d, and Pa—c(y, x) = d*J implies P(x, y) > P(y, x).
i=zarly, by U, there exists such a minimel coelition, and, by Proposition
4.2, C satisfies (1). Let ieC, let zeX - {x, y} end let (F,', ..., P.'")eG"
2e such that [Pc'(x, y> = d and Pc'(y, x) = d_, and Pn_c'{y, x) = d],
SF—_¢ss'(x, 2) = d and Pe_c¢s>'(z, %) = d_, and Pa—cc—css>' {z, x) = d*] end
“Fw—ciafly, 2) = d* and P,'(y, 2> = d_-, and P,'(z, y) = dl. Then, by the
tz7inition of C, P'(x, y) ?’ F'(y, x). Suppose P'(y, z) > P'(z, y).
“h=n, by quasi-transitivity, P'(x, 2z) 7. P'(z, x). From the definition of

i =nd Proposition 4.1, this is a contradiction. Thus, P'(z, y) 7=

-

¥y 2). The result follows from Proposition 4.1.
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Proposition 4.6 Let g: G° -4 G,, where G, ¢ G, be &= FAR which

sazisfies U and IIA, and let delL, d >~ d.. Then, there exists a coalition C
cuch that: (1) for all &, beX end for ell (P,, ..., Pei”, Pc(a, D)P>d 7
Pcib, &) implies P(a, b) 27 d 7 P<b, a&); and (2) for all ieC, for all s,
bexX and for 8ll (P,, ..., P,eG", P, (g, b) 2; d 7 P, (b, a) implies [P(a,

b) 7= dor d 77 Ftb, a)].

Froof The proof is similar to that of Proposition 4.5. A

Proposition 4.7 Let g: G™ 4 G,, where G, € G, be ex FAR which

satisfies U and IIA. Then, there exists a coalition C such that: (1) for
all &, beX and for ail (P,, ..., P,)eG”, [Pc(a, b) 3 c. and P-(b, a) = d.,]
impiies [P(a, b) 7’ ¢. and P(b, &) = d,J; and (2) for &l. ieC, for all &,
bexX and for all (PF,, ..., P,)eG™, [P,(&, b) 7 d. and P,{b, &) = di]

implies [P(a, b) 7 d« or P(b, a) = d.l.

Proof The proof is again similar to that of Proposition 4.5. 4

kRemerk 4.8 Since G, € G> ¢ G5 (see Proposition 3.4, either G, or G-
can be substituted for G; in Propositions 4.2 and 4.3, and G, can be
substituted for G, in Proposition 4.5.

Remark 4.9  Note that the conclusion of Proposition 4.7 is formally

weazrer than the corresponding result in Barrett, Pattanzik and Salles

(1€286), where the transitivity condition (3.2) is applie: (see Remark 3.2).
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. ‘oncluding Remarks

In this paper, we have investigated the problem of a:gregating
orcinally fuzzy individual preferences into ordinally fuzzy social
preerences. We have shown that, given the conditions of unanimity and
incependence of irrelevant alternatives, and given appropriate domain
ccrn.Zitions, each of several alternative transitivity conditions for social
pre:erences has important implications for the aggregatior rule, which are
rzz-niscent of the claessical 'impossibility theorems' (sez Arrow (1863),

Citoard (1969) and Sen (1870)) in the iframework of exact :references.
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