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Abstract: Let BH = {BH(t),t € RV} be an (N, d)-fractional Brownian sheet with
Hurst index H = (Hy,...,Hy) € (0,1)V. The main objective of the present paper is
to study the Hausdorff dimension of the image sets B (F +t), F < RN and t € RN,
in the dimension case d < Hil + e+ ﬁ Following the seminal work of Kaufman

[9], we establish uniform dimensional properties on B | answering questions raised by
Khoshnevisan et al. [11] and Wu and Xiao [17].

For the purpose of this work, we introduce a refinement of the sectorial local-
nondeterminism property which can be of independent interest to the study of other
fine properties of fractional Brownian sheets.

AMS 2000 subject classifications: 60G07, 60G17, 60G22, 60G44.
Keywords and phrases: fractional Brownian sheet, Hausdorff dimension, local non-
determinism.

1. Introduction

In the last thirty years, several extensions of the well-known fractional Brownian motion
(fBm) introduced by Mandelbrot and Van Ness [12] have emerged in the Gaussian random
fields literature. Two major classes of multiparameter processes have been defined: Lévy’s
N-parameter (fractional) Brownian motion and fractional Brownian sheets. The first one
is an isotropic process known to be be locally non-deterministic (LND, see Pitt [15] for a
more complete reference), self-similar and with stationary increments. As a consequence,
the geometry and fine properties of the N-parameter fractional Brownian motion have
been extensively documented by extending the classic techniques developed in the literature
related to the fractal geometry of the one-dimensional fractional Brownian motion.

On the another hand, the understanding of fractional Brownian sheets (fBs) introduced
by Kamont [8] has been proved to be more challenging and technical as the former does
not satisfy the classic LND property. Recall that an (N, d)-fractional Brownian sheet BH =
{BH(t),t € RV} with Hurst index H = (Hy,...,Hy) € (0,1)Y is defined as a centered
Gaussian process with independent and identically distributed components whose covariance
is given by

N
IE[BgI(s)Bé{(t)] = H[|5£|2H‘ + |te|2H‘ —|s¢ — tg\ZH‘] s,te RN, (1.1)
=1
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Note that similarly to fBm, it also admits an integral representation with respect to the
Brownian sheet W:

f 1‘[ (to — ug) ™12 (—W)T—l/Q}qu. (1.2)
RN

In the case Hy = --- = Hy = %, we obtain the well-known Brownian sheet.

Anisotropic Gaussian random fields such as fBs have raised an increasing interest in
recent years as they appear naturally in the study of stochastic partial differential equations
(SPDEs) and Markov processes [14]. In a more applied perspective, several phenomena in
image processing, hydrology and spatial statistics [5, 2] are intrinsically anisotropic, and
thus, required the introduction of such theoretical models.

The study of distributional properties of fractional Brownian sheets have been consid-
erably eased with the introduction by Khoshnevisan and Xiao [10] of the so-called secto-

rial local-nondeterminism property. Namely, the latter states that for any w,v,t!,...,t" €
[e, +o0)V
N 2H,
H H 41 H . j12He,
Var(B" (u) | B"(t"),...,B"(t")) = co e_gl 121}2"@4 —t)] (1.3)

where the constant ¢y > 0 only depends on €. Firstly introduced on the Brownian sheet, it
has been then extended to general fractional Brownian sheets by Wu and Xiao [16].

This sectoral LND has been the cornerstone to the study of multiple geometrical proper-
ties of (fractional) Brownian sheets, allowing to adapt classic techniques used on multiparam-
eter fractional Brownian motion to this class of processes. More precisely, the distributional
properties of the local time and level sets have been investigated by Khoshnevisan and
Xiao [10], Ayache et al. [1], extending earlier works by Dalang and Walsh [4], Xiao and
Zhang [21]. The fractal geometry of image sets B (F) has also been extensively studied
n [11, 10, 18, 16]. Note that as pointed out by Xiao [20], due to the anisotropic nature of
fractional Brownian sheets, it is usually convenient to study geometrical properties using
the following anisotropic metric p:

N
Vs, t e RY: p(s,t) = > |se — to] ™. (1.4)
(=1

As previously outlined, we aim in this work to investigate uniform dimensional properties
of image sets BH(F) of fractional Brownian sheets. The high dimension case d > Hil +

-+ 7= has been thoroughly discussed by Khoshnevisan et al. [11], Wu and Xiao [18] who
obtalned the following result: with probability one,

for every Borel set F < RY; dim,B(F) = dim’F, (1.5)

where dim? designates the Hausdorfl dimension with respect to the anisotropic metric p.
Note that a similar result exists on the multiparameter fractional Brownian motion when
d > & (see the work of Monrad and Pitt [13]).

When d < H% + - 4 H—lN, the previous uniform result does not hold any more. For
instance, it is obviously false if one considers the level set F' = W~1(0), where W is a
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Brownian sheet: Khoshnevisan and Xiao [10] have proved that F' has positive Hausdorff
dimension when d < 2N, whereas we clearly have dim, W (F') = 0. Nevertheless, following
the ideas developed by Kaufman [9], one may hope to establish a weaker uniform Hausdorff
dimension result. Indeed, the former has proved that a one-dimensional Brownian motion
satisfies a slightly weaker property: with probability one, for every Borel set F' < R,

dimy B(F +t) = 2dimy F  for almost all ¢ € R. (1.6)

Khoshnevisan et al. [11], Wu and Xiao [18] have investigated the extension of this property
to the (N, 1) Brownian sheet and fractional Brownian sheets satisfying Hyd < 1 (assuming
that H; < --- < Hy). Even though it may seem to natural that the former result would
hold for any fBs such that d < Hil + 4 %N’ this question was left opened in the previous
works as the authors observed that techniques based on sectorial LND do not seem to scale
well the general case (on contrary to the (NN, d)-fractional Brownian motion considered by
Wu and Xiao [16]).

Consequently, the main purpose of this work is to close the gap between the statement
of Wu and Xiao [18] and the uniform case presented in Equation (1.5). More precisely, we
prove in Section 3 the following two uniform results on the geometry of fractional Brownian
sheets.

Theorem 1. Let BY be a fractional Brownian sheet and suppose d < Zé\;l H%z Then, with
probability 1, for every Borel set F < (0,00)Y,

dim, BY (F + t) = min{d, dim{,F'}  for almost all t € RY. (1.7)

In addition, we also extend the result of Wu and Xiao [18] related to Lebesgue measure
of image sets.

Theorem 2. Let BY be a fractional Brownian sheet and suppose d < Zéil H%z Then, with
probability 1, for every Borel set F < (0,00)Y such that dim?,F > d,

Na(BH(F + 1)) >0 for almost all t e RY,

where \q denotes the Lebesque measure on RY.

The proof of the two previous results rely on the introduction in Proposition 3 (Section 2)
of an anisotropic local non-determinism property different from sectorial LND. The former
then allows to adapt the seminal methods of Kaufman [9] to fractional Brownian sheets
satisfying d < Zé\[:l Hil Note that we hope that this anisotropic LND property can also be
of independent interest to the study of remaining open questions on the fractal geometry of
fractional Brownian sheets and more general anisotropic Gaussian random fields.

2. Anisotropic local nondeterminism

The local nondeterminism property has historically been introduced by Berman [3] in the
study of local times of Gaussian processes. Since then, it has been widely and successfully
used to obtain multiple fine sample paths properties of Gaussian processes, including small
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balls probabilities, level sets and Hausdorff dimension of graphs and image sets. We refer to
the surveys of Geman and Horowitz [6], Xiao [19] for a more precise overview on the subject.

As previously outlined, the Brownian sheet, and thereby fractional Brownian sheets, are
known to be non locally non-deterministic and Khoshnevisan and Xiao [10] have introduced
the sectorial local nondeterminism property in order to still being able to investigate distri-
butional properties of this class of processes. The simplest form has been presented in the
introduction, Equation (1.3). In order to investigate uniform dimension of image sets, one
needs an analogue of the former on increments. Namely, Wu and Xiao [18] have proved that

any fractional Brownian sheet satisfies for every s,t,s!,...,s" € [, +0),
Var(B"(s) — BY(t) | B¥(s"),...,B"(s"))
N
. . j12H, . j|2He 2H
> 01;m1n{1212n|8z—s€| +1r<r}1£n‘tz—sé| y|se — o] e}, (2.1)

where the constant ¢; > 0 only depends on e.

Nevertheless, it appears in the work of Khoshnevisan et al. [11] that the previous sectorial
local nondeterminism property is not sufficiently fine to extend the result (1.6) to any
fractional Brownian sheet satisfying d < Zé\[:l Hiz Consequently, we present in the following
proposition a refinement of the former.

Proposition 3. Suppose BY is a fractional Brownian sheet and ¢ > 0. Then, there exists
a constant co > 0 such that for every t,s, st ... s" e[, 1)V.

N
Var(B"(t) = B (s) | B (s'),...,B(s")) = cop(s,t)*- > 17", (2.2)
{=1

where for any L€ {1,..., N}, we define

= i — s in |ty — s?|.
T 1212n\5g syl + 1I<nj12n| ¢ — 5]
Proof. We aim to prove a property slightly stronger than Equation (2.2). Namely, for every
t,s,st,...,s"ele, 1)V,

Var(B"(t) — BY(s) | B"(s"),...,B"(s"))
N

N
= ¢ Z min{r?m, lse — o]} + co Z rafte. {Z'Si - ti|2Hi}. (2.3)
=1

=1 i#L

We easily observe that since min{rin, g — tklng} > riH’C -|s —tx|*H* | the former clearly
induces Inequality (2.2). In addition, in the two components appearing in Equation (2.3), the
first one is a clear consequence of the sectorial LND property (2.1), since 1, = minj<,|s¢ —
s3] + minj<p |t — 7).

Hence, we may focus on the second part, and, set k € {1,..., N} and i # k. Without
any loss of generality, we may assume that ¢; — s; = 0 (unless, simply permute ¢ and s). If
|sk — tx| = ri, we simply observe that

min{riH*‘, sk — tk|2Hk} = riH’“ > r,%H’“ s — ti\QHi.
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The combination of the previous remark and the sectorial LND property yield the expected
inequality. Therefore, we may assume in the sequel that |s; — tg| < 7.
Owing to the integral representation (1.2) of fractional Brownian sheets, we know that

Var(BH(t) — BH(5) | BH(sh, ..., BH(S"))

inf IE[(BH(t) — BH(s) - Z oszH(sj)>2]

eR”
« ]: 1

n 2
= inf f <K(u,t,H) - K(u,s,H) — Z o K (u, s, H)) du.
aeR™ JpN
where K(u,t, H) := Hévzl{(tz - W)fFU2 - (—ug)fﬁlp}. The previous expression of the
conditional variance can be lower bounded by
= / = / / ’
i _NHe-1/2 B Hg 1/2 He—1/2 .
alean J]RN (n(tf ug)y H(SZ ue) Z Qj H —ue)y du
T N\e=1 =1 j=1  t=

In order to obtain a uniform lower bound of the previous expression, the main idea is to

exhibit an element i € L2 which is orthogonal to the family of functions [T L (s)— ’LL@)H[ 172

Hence, let us define

h(u) = hy(ur) - s, 4,7 (wi) n 110,67 (we)-

L#i,k
where hg(uy) = (up — t, + Tk)1/2 He 4 (ug — tp — rk)fr/%H"" —2(ug — tk)}r/%H’“. Note that
the support of the function h is included in the set [tx — rp,0) x [si,t;] x [0,6]V =2 (up
to a permutation of variables). In addition, when Hy = 1/2, hjy simply corresponds to

the difference 1p;, _p, 1) — Lt,,t,4r,)- Let us prove h is well-designed for our purpose by
evaluating the scalar product, for any fixed j € {1,...,n}:

<h H o)y 1/2> J Hk_l/Q'hk(uk)duka
R+

where ¢ corresponds to the integration over variables uy, £ # k. We need to distinguish two
different cases, depending on the value of 7.

1.0 s <ty — 1, (5] — uk)frl/z and hy have disjoint supports (respectively [0, 5] and

[tk — rk,©0)), and therefore, the inner product is clearly equal to zero.

2. Ifsi =ty — Tk,

<h H O 1/2> f (st — up) 7Y% by (ug) dug.
[tk —Tk,s ]

Let a denotes either 0, —ry or ri. Then,

J- ‘ (3?C — uk)H’“_l/z (ug — tg — a)l/g_H" duy,
[tr+a,s;]

0,1
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using the change of variable v, = (5?C - uk)/(sf€ — t, — a). Consequently,

<h H e 1/2> = c{(s?c —ty —rk) + (s, =t + 1) — 2(s1, _tk)} = 0.

The function h is orthogonal to any Hé\le(si - uz)fe_l/ 2, and therefore to the linear space

spanned by the previous collection. As a consequence,

Var(BH(t)—BH (s) }BH s1), ...,BH(S"))

1 N 2
® g <h [Tt =)™ =T e —w)i ")

l=1

||h|| < n“’“" o />

since the support of i does not intersect [0, s] due to the component 1, ;,7(u;) in the former.
Let us first estimate the norm [|h||%.:

AlZ2 =72 |5 — i
J {(uk —tr + Tk)1/2 ko (uk —tp — Tk)1/2 Hi _ Q(U — tk)1/2 Hk} duy,
R
N—2 2 2H, 1/2—Hy 1/2—Hy, 1/2—H, 2
=¢ s =t -7 Uh + (v —2)Y —2(vp — 1) du,
Ry
= co |si —ti] -y
The previous integral is finite since 1 — 2Hy > —1 and 01/2 e 4 (v — 2)1/2_11" —2(vg —
1)3_/2 He L v ,;1 2Hk On the other hand, the inner product is equal to
<hnt5—’(u HE 1/2> HJ tg—uK) UQd’LMf (t —u) 71/2du
/=1 L#i,k Si

X J- (tk: _ uk)Hk—1/2<uk _ tk + rk)l/Q_H’“ duk
te—Trk

= Co |Sl — ti|H1’+1/2 Tk

still using a similar change of variables and observing that ¢y > 0 only depends on . Hence,
we eventually obtain

Var(BH(t) — BH(S) | BH(sl), .. .,BH(S”)) > c3 riH" |8 — ti\gH",

where the constant c3 > 0 only depends on N, € and H. This last inequality then clearly
leads to the second term in Equation (2.3). O

Remark 1. We may note that the local nondeterminism property presented in Proposition 3
is not sensu stricto an extension of the sectorial LND property (2.1). Indeed, one can simply
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15 15

Figure 1: Example of conditional variance Var(B(t) — B(s) | B(s'), B(s?))

observe that if the two terms p(s,t)? and Zévzl r?H‘ are of same order, then the sectorial
LND bound (2.1) is tighter.

On the other hand, Figure 1 illustrates the typical case where the anisotropic LND
property (2.2) provides a better estimate than the classic sectorial LND. Namely, if W is a
two dimensional Brownian sheet, we easily observe that the bound given by Equation (2.1)
on Var(W(t) — W(s) | W(s'),W(s?)) is zero. On the other hand, Proposition 3 gives an
optimal lower bound, proportional to the variance of the term W () —W (s) — W (s?)+ W (s!)
(informally equal to Var(W (“grey area”))). This improvement corresponding to some specific
geometrical configurations will be the cornerstone in the proofs of Theorems 1 and 2.

Remark 2. The calculus presented in the proof of Proposition 3 offers an alternative way
to prove the sectorial LND property. Wu and Xiao [18], and originally Kahane [7], used
estimates on the Fourier representation of fractional Brownian sheets to obtain the lower
bound, whereas our proof is based on the classic time integral representation (1.2).

3. Weak uniform Hausdorff dimension of image sets

Based on the refinement obtained in the previous section, we now extend the weak uniform
Hausdorff results presented by Kaufman [9], Khoshnevisan et al. [11] and Wu and Xiao [18].
The structure of the proof of Theorem 1 follows the ideas initially described by Kaufman
[9] and relies mainly on the estimate obtained in the following lemma.

Lemma 3.1. Define

I(z,y,R) = J 1 (R || BT (x+t)— B (y+1)|) dt,

[e. 1]V
Then, for all R > 0, x,y € [¢,1]" and integers p > 1,
E[ (I(z,y,R))" | < (o) R=Pp(a,y) =, (3.1)

where the constant co only depends on .
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Proof. Since B, ..., Bf are independent copies of an (N, 1)-fractional Brownian sheet BE!,
the p-th moment of I(x,y, R) is equal to

By B = | BB e+ 0) - By + )] < RS <p)det e
[e,1]
=J P(|BH (x+ ) — B (y+ )| <R, 1<j<p)tdit-- de.
[e,1]VP

We will bound the previous integral by induction on the parameter p. Hence, let us fix

fix t1,...,tP=! € [¢,1]" and integrate over the variable t*. Note that without any loss of
generality, we assume that all coordinates of ¢!,...,tP~! are distinct. _

The distribution of B (z + t?) — B (y + tP) conditionally to B (z + /) — BE (y + t?),
je{l,...,p— 1} is clearly centered and Gaussian. Therefore,
P(?) :=P(|Bfl (x + ") = B (y + t")| < R | B/ (v + ) = B§l (y + t/)[,1 < j <p—1)

<R Var(Bi (z +7) = Bl (y + ") | B (x + /) = Bl (y + /),1 < j < p — 1)‘1/2

J
<R Var(Bff (z +t") = B! (y +t*) | B (z + /), B (y + /), 1 <j<p— 1)’1/2.

As the reader may expect, we aim to use the anisotropic LND property (2.2) to bound
the integral S[E 1~ P(tP) dtP. To simplify the former expression, we introduce a collection

of rectangles (I;); which forms a partition of [¢,1] and we split the previous integral
accordingly. o ,

More specifically, define for every k € {1,..., N}, Sy = {t5, 6, + @k —yr, t,— e +yr; 1 < j <
p—1}. Then, for any index | = (I1,...,Ix) € {1,...,3(p— 1)}, let I; be the N-dimensional

rectangle:
N lp—1 le+1 I
_ JUS u I
= sy 5 ,

where the elements (sk, 1< < 3(p— 1)) of the set Sy, are assumed to be increasingly sorted.
The collection of rectangles (I;); clearly forms a partition of [e, 1]V (choosing accordingly
59 and sip =2 to cover the full square). Consequently, the integration over ¢t on the domain
[,1]" can be reduce to a finite sum of integrals on each element [;. Thus, let us now set
le{l,...,3(p— 1)} and observe that for any t* € I,

. 1 . i . j
Vee{l,...,N}; |t —s] < 1<I]11<1£171|xk +th — 2| + 1<rjr1<1?71|yk +th — 2],

where 27 denotes either z + ¢/ or y + t/. As a consequence, according to Proposition 3, for
any tP € I}, P(t?) < co R~ p(z,y) " 1p(s?,¢P)~1, and thus,

P@P)?dtP < coR_dp(ac,y)_dJ p(s?,tP)~ddeP.

I I,

Let us prove the last integral is finite:

N
p(s?,tP)~ AP < CJ { |ug|H‘-’} du < CJ o] =T Tlve)VHet do,
Ll B(0,1) Z B(0,1) @1:[1
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using the simple change of variable vy = ufe. Then, switching to spherical coordinates,

1
J p(s?, 1P) =4 dtP < CJ Tl 1/He1 drf h(p)dp < +o0,
I 0

SN—1

since Z/szzl 1/H,; > d and the induced function h is bounded on the sphere S¥ =1 (1/H,~1 > 0
for every ¢). Hence,

J PtP)dt? < ey pV R p(x,y) ",
[e.1]

and by induction on p, we obtain Inequality (3.1). O

Remark 3. We may note that the proof of Lemma 3.1 also provides a slighter more general
inequality. Namely, for any a such that d < a < Zé\;l Hié,

f P(|By (x+ 1) = Bi'(y+ )| < R, 1<j<p)dt'--de
[e.1]
< )N R™Pp(x,y) ",

This extension will be directly used in the proof of Theorem 2.

The proof of Theorem 1 follows the exact same structure as the ones presented by
Khoshnevisan et al. [11] and Wu and Xiao [18]. Consequently, we only present the main
steps, and refer to the former for the technical details which remain the same.

Proof of Theorem 1. Since B is Holder continuous with respect to the anisotropic metric
p, classic results (see for instance [20]) on images of fractal sets show that almost surely,

dim, BY (F + t) < min{d,dim{,F'} for all Borel sets E and all t € [0,1]".
To obtain the lower bound, we first prove that almost surely, there exists ng(w) such that
Vo = no(w), Yo,y e [0,1]Y;  I(z,y,2") < con™27"p(z,y) <.

The previous property is direct application of Borel-Cantelli lemma and the continuity of
fractional Brownian sheets. We refer to [18] for the details of the arguments.

Let us now set w € Q, a Borel set F < [0,1]V, v € (0,dimyF) and n € (0,d A 7).
Frostman’s lemma implies the existence of a probability measure p carrying F' and such
that

1(S) < ¢ (diam” S)Y  for any measurable set S < [0, 1]

Let v; be the image of u by B (- +t). Still according to Frostman’s lemma, it is sufficient

to prove

(du) v¢(dv)

JJ- vi(du) vi(dv) <o for almost all ¢ € [0, 1]V
lu —o]|7
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to obtain our result. Following the idea of Kaufman [9], we have

_ p(dz) p(dy)
= ﬂ [BH (z +1t) — BT (y + 1)|"

= "L J] 11 (RIB(x+1t) — B (y + t)|) R" ' pu(dz)u(dy) dR

<[ [[1an®IB 6+ 0 - B + ) R @) ar

Integrating the previous integral over t € [0,1]", we thus need to show that

J = ” fc I(x,y, R)R"*dR p(dz)u(dy) < .

Let D = {(z,y) € [0,1]*" : p(z,y) < R7'} and Jy, Jo respectively denote the integral J
over the domains D and D¢. Since (u x p)(D) < ¢1 R77,

o]
Ji < clj R 4R < .
1

Furthermore, as for any (z,v), I(x,y, R) < co(w) R 4p(z,y) 74,

o0

Ja < ¢p(w) jf plz,y) ™% p(dz)u(dy) J- R4 1log(R)N dR

plzy)—t

< ca(w) ﬂ p(x,y) " og(p(z,y) )N p(dz)u(dy) < .

The last two inequalities complete the proof of Theorem 1. O

The second part of this section is devoted to the proof of Theorem 2. As previously, the
sketch of the latter is highly inspired by the original work of Kaufman [9], and we therefore
focus on differences compared to the previous results presented by Khoshnevisan et al. [11]
and Wu and Xiao [18].

Proof of Theorem 2. Since dimf(F) > d, there exists a probability measure p on F such
that §§.n wds) nldh) o5 To prove that Mg (BH(F +1t)) > 0, it is sufficient to show that

p(s,t)?
0. J[O " JRd|ﬁt(u)|2dudt<oo.

where Dy (u) = {5 eiwB" (@ +1)) u(dz) and the exceptional set does not depend on t.
Let ¢ > 0 be a smooth function on R? such that ¢(u) = 1 when 1 < |u| < 2 and ¥(u) = 0
outside 1/2 < |u| < 5/2. Since S\u|>1‘ﬁt(u)|2 du is bounded above by

> 2 [[ BB+ )~ 2By + ) n(doulay)
n=0

R2N
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it remains to prove

Z 2n J[o » J &(QWBH(SC +1t) — 2nBH(y —+ t)) p(dx)pu(dy) dt < oo.
n=0 4 Rpen

For that purpose, we study in the following lemma the component J defined by
J(z,y,n) := f G(2"BH (& + t) — 2"BH (y + 1)) dt.
(0.1~

O

Lemma 3.2. There exist two positive constants cy and B such that with probability 1, for
alln = n(w) and p(z,y) = con™N27",

J(z,y,n) < (24 B) "pla,y) %

Proof. As observed originally by Kaufman [9], using the reasoning presented in the proof of
Theorem 1 and a Borel-Cantelli argument, it is sufficient to show the existence of positive
constants 3, c31 and c3 2 independent of p such that

E[J(z,y,n)*"] < & 1 n®®2P(2 + )2 P p(a, y) 2. (3:2)
Namely, we need to upper bound the following term

]E|:J‘[ 1]21\1,7 H|w 2"BH I+t])) _,@(2nBH(y +tj))|dt:|7

where t := (t!,...,t?), t ¢ RN, For any n € N, let S,, be the following set

Y

where 7, 1= cz0 (n + 1)27". We will begin by studying the former integral on the domain
Sh. It takes the following equivalent form:

{te €, 12Np |t t]|>7“1/H‘ and |l‘g+t@—tJ—yg|>’l“1/H[ Vj;ék},

uCz

j JR HGXP{W 2"BH (z 4+ 7) — 2" B (y + 7))} dg dt

J JR eXp{‘ ZVM<Z B (@ +t) - 2”BH(y+tj)])} ﬁw(fj)dfdt.

= j=1 j=1

Since 1/2 < |€¥| < 5/2, there exists £ € {1,...,d} such that fé“g > (24/d)~'. Hence, owing
the classic sectorial LND property (1.3),

2p N
Var(z ¢[BH (x + /) — 2" B (y + tj)]> > 22 ) r&ig{ﬁ? — G RPH g+ th — 1) — yg|2He}
j=1 e=1"

> ¢y (n+ 1)
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Hence,

f J HeXp{l@ 2" B (x+ /) — 2" BT (y + 1))} de dt < e,
R2pd j

where ¢y can be chosen sufficiently large up to a modification of c3 9. As a consequence, the
previous term will clearly be negligible compared to the bound we aim to obtain.

Let us now consider the second integral over the domain 7T, := [0,1]2VP\S,,, and first
note that 7T;, can be written as

O O ({t € [¢,1]*M? : min |t€ _tﬂl 1/H@}

Je1#k

{t € [6,1]*M? : min |$g +tf —tJ” —ye| < rl/HL’})

Je,27

We easily observe that 7}, is the union of at most (4n)2"? sets of the following form:
Ay ={te e, 127 |z + tf — 6| < vl vk e (1,...,2p}, Ve {1,...,N}},

where zy = 0 or zy — y¢. Up to a permutation of indices, the previous set can be written as
>< {tele,1]2: |z +tf — | < vl Ve (1,...,2p}}.
As a consequence, using Lemma 3.8 proved in [11], the Lebesgue measure of the previous

set can be bounded as following:

pZN 1
N =1
/\2Np(Aj) <2 prn ¢ ;

providing a bound on the measure of the full set T),: Xonp(T) < cp n2Ne oy, P Xims H’f

we divide the integral

. Then,
Lﬂ E[fj‘qz(Q”BH(z 1)) — (2" BH(y + tj))”dt

into two parts I; and Is, respectively conditioning the former with respect to the events D,,
and Dy, where

D, = {131Jzi>§p||BH (t+a')— B (y+a’)| > 2*(175)”}.

Since zZ is rapidly decreasing, there exists a constant c¢5 > 0 which can be chosen as large as
possible such that

_ N 1
I < gnP2 " et Hy exp(—cs n).
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Recall that we may assumed that N > 2, inducing that Zé\;l H%; > 2, meaning that the
previous bound is negligible compared to the right end term in Equation (3.2) (8 can be
chosen small enough).

Finally, we may conclude the proof by bounding the term Is. Let us set « such that
d<a< Zé\;l H% and observe

[ (g 187+ 09 - B+ ) < 27070
Ty

1<j<2p

1<j<2p

:f P( max | Bl (v + 7)) — Byl (y + /)| < 2709 ) dt
T,

d - o e
< dawp(To)' U P( max [BY (x+ 1) - BY (y+ 1)) < 270" dt]
[e,1]2Np

1<j<2p

using the classic Holder inequality. Based on Remark 3 and the previous estimates, we get

| p( g 15w ) = By 4 ) < 2709
T

1<j<2n

< Cgpcgn2_np(2d(1_€)+(1_%) Zévzl i)p(x, y)72pd

Then, we may observe that € can be chosen as small as wanted, and particularly, such that
2d(1—e)+ (1- )3, 4 > 2.

The combination of the three previous bounds clearly shows the existence of 8 > 0 such
that

E[J(x,y, ) ]<cp pcd 2n(2_,’_6) 2np (l‘,y)_de,

where the constants c3; and c3 2 are independent of p e N and n € N. O

Proof of Theorem 2. To conclude the proof of Theorem 2, we simply observe that the pre-
vious Lemma entails

o]

Z2“J|ny, )| p(de)p(dy) < Z 2+ 8)” JJ p(x,y)~ p(dz)u(dy) < .

R2N R2N
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